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Abstract
This thesis is the first step towards a solid theoretical description of Higgs radiation off
heavy quarks at hadron colliders, P P¯/PP → QQ¯H. For Higgs masses roughly below
120GeV tt¯H production can probably increase the Higgs discovery potential at the TEVA-
TRON and represents a substantial contribution to the Higgs signal at the LHC. Providing
that the branching ratio of the decay of the Higgs boson into bb¯ is known, this process offers
in addition the opportunity of a first direct measurement of the top Yukawa coupling which
allows an insight into the generation of fermion masses.
The calculation of the next-to-leading order QCD corrections to QQ¯H production is pre-
sented in this thesis. Including these corrections drastically reduces the dependence of the
cross section on the renormalization and factorization scales, rendering the prediction the-
oretically reliable. At the central scale, which is defined as half the threshold energy, the
next-to-leading order QCD corrections slightly reduce the cross section of tt¯H production
at the TEVATRON by roughly 20% and increase it by the same amount at the LHC.
The prediction of the cross section of bb¯H production is more involved due to the large
mass splitting of the bottom quark and the Higgs boson. First numerical results of the
next-to-leading order predictions of the corresponding cross section are presented.
Zusammenfassung
Diese Doktorarbeit ist der erster Schritt zu einer fundierten theoretischen Beschreibung
der Higgsstrahlung von schweren Quarks an Hadronbeschleunigern, P P¯/PP → QQ¯H.
Fu¨r Higgsmassen unterhalb von ungefa¨hr 120 GeV kann tt¯H-Produktion vermutlich die
Mo¨glichkeit der Higgsentdeckung am TEVATRON erho¨hen, und sie stellt einen bedeuten-
den Beitrag zum Higgssignal am LHC dar. Vorausgesetzt, daß das Verzweigungsverha¨ltnis
des Higgsbosonzerfalls in bb¯ bekannt ist, bietet dieser Prozess außerdem die Mo¨glichkeit
einer ersten direkten Messung der Top-Yukawa-Kopplung, die Einsichten in den Erzeu-
gungsmechanismus von Fermionmassen erlaubt.
Die Berechnung der QCD-Korrekturen zur QQ¯H-Produktion in na¨chst ho¨herer Ordnung
wird in dieser Doktorarbeit pra¨sentiert. Die Einbeziehung dieser Korrekturen reduziert
die Abha¨ngigkeit des Wirkungsquerschnittes von den Renormierungs- und Faktorisierung-
skalen drastisch, was die Vorhersage theoretisch verla¨sslich macht. An der zentralen Skala,
die als halbe Schwellenenergie definiert ist, reduzieren die QCD-Korrekturen in na¨chst
ho¨herer Ordnung den Wirkungsquerschnitt der tt¯H-Produktion am TEVATRON um 20%
und erho¨hen ihn um den gleichen Betrag am LHC.
Die Vorhersagen des Wirkungsquerschnittes der bb¯H-Produktion ist komplizierter wegen
der großen Massenaufspaltung zwischen dem Bottomquark und dem Higgsboson. Erste
numerische Resultate der Vorhersage des entsprechenden Wirkungsquerschnittes in na¨chst
ho¨herer Ordnung werden vorgestellt.
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The Standard Model (SM) of high-energy physics [1–9] (for a review see Ref. [10]) has
widely been tested and verified in parts up to the level of quantum corrections. The
experiments performed at LEP1 and SLC provided precise information about the couplings
of the light fermions to the weak gauge bosons [11]. Measurements of the triple-gauge self-
couplings became possible at LEP2 [11]. All results can be explained within the SM.
Despite all success, one part of the SM has not been established experimentally yet, the
mechanisms of electroweak symmetry breaking. The Higgs–Kibble mechanism [12–17],
implemented in the SM, predicts the existence of a new particle, the Higgs boson, which
up to now has never been detected. Therefore the search for the Higgs boson is one of
the key issues of existing and future collider experiments [18, 19]. The facilities which
are available for this purpose within the next decade are the proton–antiproton collider
TEVATRON [20] with a center-of-mass (CM) energy of 2 TeV and the proton–proton
collider LHC [21–23] with a CM energy of 14 TeV.
The mass of the Higgs boson is one of the free parameters of the SM and the last that has
not been measured so far. This ignorance complicates the search for the Higgs particle.
However, the range of this parameter can be restricted. The strongest limits on the Higgs
mass have been obtained from the LEP experiments. Their direct search leads to a lower
bound of 114.1 GeV at 95% Confidence Level (CL) [24]. However, LEP also provides
tantalising hints that the Higgs boson is light enough to be found at the TEVATRON or
later at the LHC. First of all, evidences occurred for a Higgs mass around 115.6 GeV [24].
In addition, if assuming that the SM is the correct theory to describe the electroweak
interaction, electroweak precision tests lead to a Higgs mass below 212GeV at 95% CL [25,
26]. This limit is obtained by exploiting the Higgs-mass dependence of electroweak radiative
corrections. However, in models beyond the SM it is not fully conclusive [27–29].
At the TEVATRON a Higgs boson can be discovered at the 5σ level up to a mass of
120 GeV. Evidences at the 3σ level can be obtained up to a Higgs mass of 180 GeV, and
the Higgs particle can be excluded up to 190 GeV with 95% CL [20]. At the LHC a Higgs
boson can be discovered for all relevant Higgs masses (. 1 TeV) [21].
1
2 CHAPTER 1. INTRODUCTION
At the LHC the largest production channel for a Higgs particle is gluon fusion, gg →
H [30–32]. Unfortunately, this signal is plagued by a very large background. The next
largest cross section is given by weak-boson fusion [33–36], qq → qqV ∗V ∗ → qqH, where
V is the W or the Z boson, followed by Higgs-strahlung off W , Z bosons [37–39], qq¯ →
V ∗ → V H. The strength of Higgs radiation off heavy quarks [40–42], qq¯, gg → QQ¯H with
Q = b, t, is of the same order of magnitude as Higgs-strahlung. At the TEVATRON the
largest production channel is again gluon fusion. The cross sections of weak-boson fusion
and Higgs-strahlung are of the same order of magnitude, while Higgs radiation off heavy
quarks is much smaller than the previous production channels.
A light Higgs boson with a mass below 140 GeV decays dominantly into bb¯ [43, 44]. The
subdominant channels are τ+τ− and cc¯ with branching ratios of a few per cent. The loop-
mediated decay into gg is of the same strength as the preceding ones but is not suited for
the experimental search due to large background event rates. For masses above 140 GeV
the decay into heavy vector bosons develops the largest branching ratios. The tt¯ channel
opens for masses larger than 350 GeV. A window between 80 GeV and 150 GeV opens for
the rare decay into γγ with a branching ratio of order 10−3. Nevertheless, this channel is
experimentally very promising.
Higgs radiation off heavy quarks [40–42], P P¯/PP → QQ¯H +X, is an important channel
for Higgs physics, although its cross section is roughly two orders of magnitude smaller
than the dominant production channel. At the LHC tt¯H production, with the Higgs boson
subsequently decaying into bb¯, provides a major discovery channel for Higgs masses below
120 GeV and contributes substantially to the 5σ discovery contour. Since the top quarks
predominantly decay into bottom quarks, the signal consists of four b quarks and two
W ’s. If one of the latter is required to decay leptonically, a single charged lepton with
high transverse momentum and missing energy due to the escaping neutrino can be used
for tagging [45]. This signal has a very low background and is hence well suited for the
experimental search since the ratio of the signal rates to the background rates is essential
for the data analysis. In addition, tt¯H production contributes to the signal of the rare
Higgs decay into γγ. This signal is very promising for Higgs masses below 160 GeV. For
the TEVATRON it is not yet clear whether sufficiently many events for the Higgs radiation
off top quarks can be extracted. A recent study [46] concludes that this channel can be
seen, but the cross section used in this work seems to be overestimated.
In the SM, the coupling of the bottom quark to the Higgs is a factor mb/mt smaller
than the one of the top quark. However, in supersymmetric extensions the bb¯H coupling
can be strongly enhanced [47]. The Minimal Supersymmetric Standard Model (MSSM)
contains two Higgs doublets, one giving mass to the up-type fermions and the other to
the down-type fermions. Consequently the physical spectrum includes five Higgs bosons.
The ratio of the two vacuum expectation values is denoted by the parameter tan β. In
scenarios with large values of tan β the bb¯H coupling can be of the same strength as the
tt¯H coupling. Therefore, Higgs radiation off bottom quarks plays a more important roˆle in
supersymmetric models than in the SM. For the bottom quarks additional complications
3in the calculation of the cross section occur. The smallness of the bottom mass leads to
radiative corrections involving large logarithms which potentially cause problems with the
perturbative description of the process in the parton model.
Despite its importance for the discovery of the Higgs boson, the QQ¯H production offers
further opportunities. In the Born approximation of this process the Higgs couples solely
to the heavy quark. Presumed that the branching ratio of the decay of the Higgs boson into
bb¯ is known, this reaction therefore permits a measurement of the corresponding Yukawa
coupling with an expected uncertainty of roughly 15% [45,48]. Within the SM this coupling
is fixed by the quark mass and the vacuum expectation value of the Higgs field due to the
Higgs–Kibble mechanism. Hence measuring these three quantities independently provides
an experimental test of the Higgs sector of the SM. If the Higgs is too light to decay into a
pair of top quarks, tt¯H production is the only way to determine the Yukawa coupling of the
top quark directly. As mentioned above, in the MSSM the QQ¯H coupling involves tanβ.
Therefore this additional quantity has also to be determined independently to ensure the
test of the Higgs sector. Due to the intrinsic uncertainties of hadron colliders, a precise
measurement of the Yukawa coupling of the heavy quarks will not be possible until the
next generation of e+e− colliders. Again, Higgs radiation off heavy quarks [49–53] plays
an important roˆle for this purpose.
Aside from the Yukawa coupling, QQ¯H production is a pure process of Quantum Chromo-
dynamics (QCD) in Leading Order (LO). The LO prediction for its cross section is plagued
by sizable uncertainties. As will be shown later, the uncertainty due to the renormalization
and the factorization scale dependence is roughly a factor two to three for the cross section
at LO. Hence, the Next-to-Leading Order (NLO) corrections are inevitable for a reliable
prediction of the cross section, because they reduce the scale dependence significantly. An
estimate of these corrections was obtained in the Effective Higgs–Approximation (EHA)
in Ref. [54]. Since this approximation is only valid if the Higgs mass is much smaller than
the quark mass, it is considered to work at most for tt¯H production. The quality of the
approximation is not clear at all and therefore the full calculation is needed.
The topic of this thesis is to provide a solid theoretical prediction for the cross section
of Higgs radiation off heavy quarks. For this purpose the calculation of the full NLO
QCD corrections, including the applied techniques and numerical results, is presented. In
addition, the special complications for treating bb¯H production are discussed. The results
for tt¯H production have recently been published [55] (a longer paper is in preparation [56]).
Parts of them have independently been worked out by another group [57, 58]. The results
of the two groups have been compared before publication, and they agree.
The calculation of the NLO QCD corrections to the processes P P¯/PP → QQ¯H is quite
involved. The complexity in the virtual corrections is running up to pentagon diagrams.
The treatment of infrared divergent five-point functions is available in the literature only
for the case of massless particles [59, 60], but not for the case of several internal and
external masses. In addition, the numerical evaluation of five-point tensor integrals is not
straight forward, since the usual covariant decomposition becomes unstable at the phase
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space boundary. A method to stabilize the algorithm in this phase space region had to
be developed. Due to the large number of diagrams and the appearance of four- and
five-point functions, the separation of the infrared (soft and collinear) divergences from
the virtual corrections is quite involved. This separation is also a problem for the real
corrections due to the complexity of the matrix element. An extension [61] of the dipole
subtraction method [62,63], which includes massive QCD partons, was adopted to extract
the divergences of the real corrections and to combine them with the ones of the virtual
corrections.
The thesis is organized as follows: After setting the general framework in Chapter 2,
the conventions, input parameters, and the LO predictions are given in Chapter 3. The
virtual and the real corrections are treated in Chapter 4 and 5, respectively. The numerical
results for the NLO predictions for tt¯H production and the leading threshold logarithms
are presented in Chapter 6. Chapter 7 provides first numerical results of the calculation
of the cross section for bb¯H production and a discussion about the treatment of the large
logarithms containing the small bottom mass. The conclusions are drawn in Chapter 8.
Some details of special interest are presented in the appendices.
Chapter 2
General Framework
2.1 Particles and Forces
It is commonly believed that the appropriate way to describe the fundamental forces in
nature is the concept of a quantum field theory with local gauge invariance [64–67]. In such
a theory the Lagrangian L describing the kinematics and interactions of the fundamental
particles is invariant under a local gauge transformation U(θi(x)) which acts on the fields
Ψl(x) of the theory:
L[U(θi(x))Ψl(x)] = L[Ψl(x)]. (2.1)
Here θi(x) are the continuous local parameters of a Lie group, called gauge group, with
generators Ti. The gauge invariance of the theory requires one vector field for each gen-
erator. These fields describe vector particles, the gauge bosons, which mediate the force
described by the gauge theory.
Following this idea the Standard Model (SM) of electroweak [1–3] and strong [4–9] in-
teraction was developed in the last decades. The gauge group of the SM is GSM =
SU(3)C ⊗ SU(2)W ⊗ U(1)Y . The first group, SU(3)C , is the non-Abelian symmetry
group of Quantum Chromodynamics (QCD), the second one, SU(2)W , is the non-Abelian
symmetry group of the weak isospin, and the last one, U(1)Y , is the Abelian symmetry
group of the weak hypercharge. The corresponding vector fields are the eight gluon fields
Gaµ(a = 1, . . . , 8) of QCD, the three vector fields W
i
µ (i = 1, 2, 3), and the gauge field Bµ of
the Abelian U(1)Y .
The physical mass eigenstates consist of the charged bosons W± and the neutral bosons Z
and A. The fields that correspond to the W± are superpositions of the first two components
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while the fields corresponding to Z and A result from a rotation of the fields Bµ and W
3
µ






cos θW sin θW






The Lagrangian of the gauge sector is gauge-invariant and contains three parts correspond-











with the field-strength tensors
Gaµν = ∂µG
a
ν − ∂νGaµ − gs fabcGbµGcν, (2.5)
W iµν = ∂µW
i
ν − ∂νW iµ − gW ijk W jµ W kν , (2.6)
Bµν = ∂µBν − ∂νBµ. (2.7)
The quantities gs and gW are the couplings of SU(3)C and SU(2)W , respectively, and f
abc
and ijk denote the structure constants of the two groups.
The matter content of the SM consists of two basic constituents: leptons and quarks. The
left- and the right-handed components of these spin- 1
2
fermions are treated differently by the
SU(2)W⊗U(1)Y subgroup as required by the experimentally observed parity violation [68].
While the left-handed parts are SU(2)W doublets, the right-handed parts are weak-isospin
singlets. Both leptons and quarks carry weak isospin and weak hypercharge but only the
latter carry colour charge and therefore couple to the gluons of QCD. Leptons as well as
quarks are grouped into three families. The members of two different families have the
same quantum numbers but differ in mass.
Although experimental evidences for neutrino oscillations, and therefore for neutrino masses,
exist [69, 70] these effects can safely be neglected in the context of collider experiments
which are of interest in this work. In this approximation the right-handed component of a
massless neutrino decouples completely from all particles of the SM and can therefore be
omitted.




























The ΨL,R denote the three families which are listed in Table 2.1 together with their quantum
numbers for the SU(2)W ⊗ U(1)Y subgroup. The summation in Eq. (2.8) is done over all
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ΨuR = uR cR tR 0 0 4/3 2/3
ΨdR = dR sR bR 0 0 −2/3 −1/3
Table 2.1: The quantum numbers of leptons and quarks.
leptons l and all quarks q, the latter includes the summation over the colour degrees. Dµ
is the covariant derivative which depends on the fermion quantum numbers,
Dµ = ∂µ + i gsG
a
µ ta + i gW W
i




where ta, Ii, and Y are the generators of the three gauge groups and gY is the coupling of
U(1)Y .
2.2 The Higgs–Kibble Mechanism
Due to the different quantum numbers of the left- and right-handed particles it is not
possible to add an explicit mass term for the fermions to the Lagrangian without breaking
the gauge symmetry. A mass term for the vector bosons is not gauge-invariant either. The
discrepancy between the restriction to massless particles and the experimentally observed
masses of the fermions and the weak gauge bosons are overcome by the Higgs–Kibble
mechanism [12–17] which extends the idea of Spontaneous Symmetry Breaking (SSB).
If a Lagrangian is invariant under a continuous symmetry transformation, its ground state
|0〉 may be invariant or not. A generator T for which |0〉 is not invariant is called a broken
generator. The Nambu-Goldstone theorem [71–73] states that for each broken generator
of a global symmetry group there exists a massless boson, called Goldstone boson. If there
is at least one broken generator the symmetry is said to be broken spontaneously.
The introduction of a Higgs-sector is up to now the only known way to implement masses
of gauge bosons into a local gauge theory leading to a weakly interacting perturbative
theory. Scalar fields interact with each other in such a way that the ground state acquires
a non-zero field-strength, breaking the electroweak symmetries spontaneously. Due to
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gauge invariance the Goldstone bosons are not physical scalar particles but deliver the
longitudinal part of the gauge bosons which are now massive.
The minimal implementation of the Higgs–Kibble mechanism, as in the SM, requires a







To generate SSB the Higgs potential





, µ2, λ > 0, (2.11)
of the gauge-invariant Lagrangian
LH = (DµΦ)† (DµΦ)− V (Φ) (2.12)







perturbation theory one vacuum-expectation value has to be chosen to define the field








which is not SU(2)W ⊗ U(1)Y symmetric and fixes the gauge. All four generators of this
group are broken, but the linear combination




is not. Therefore only three bosons become massive while one remains massless which is
the photon.
One can separate Φ from Φ0,





(η(x) + i χ(x))
)
, (2.15)
where η(x) and χ(x) are real fields with vanishing vacuum expectation values. As already
mentioned above, the Goldstone bosons in gauge theories are not physical. Therefore
they are also called would-be Goldstone bosons. Indeed the fields χ(x) and φ+(x) can be
transformed away by a gauge transformation. This special gauge is called unitary gauge.
Contrary to the unphysical fields φ±(x) and χ(x), the field η(x) corresponds to a physical




2.3. THE GENERATION OF FERMION MASSES 9
The Higgs mass MH is the last undetermined parameter of the SM. The experimentally
allowed range for MH is restricted by lower bounds from the direct search at LEP and
indirect constraints from precision tests in the electroweak sector of the SM. The present
lower bound from LEP is [24]
MH > 114.1 GeV (2.17)
at the 95% Confidence Level (CL).
Physical observables on the Z-resonance and of the muon decay as well as the top and
the W mass have been measured very precisely. Hence they are sensitive to quantum
corrections which depend on all parameters of the SM. Since the Higgs mass enters these
quantum corrections only with logarithmical sensitivity the bounds on MH coming from
electroweak precision tests are not very stringent. The latest results yield [25, 26]
MH < 212 GeV (2.18)
at the 95% CL.
In addition to the lower and upper limits for the Higgs mass, a direct hint for a Higgs
boson of 115.6 GeV has been found at LEP [24].
The vacuum expectation value v can be extracted from other quantities in various ways
which differ in the treatment of higher-order corrections. A possibility appropriate for our





2.3 The Generation of Fermion Masses
The Higgs–Kibble mechanism can not only be used for creating masses for the gauge bosons
but also for the generation of fermion masses. Denoting the charge conjugate of Φ by Φ˜,























RΦ˜ + h.c., (2.21)
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and the weak-isospin singlets ΨR = ψR have been used. The Yukawa
couplings Gle, Gqd, and G˜qu are 3 × 3 matrices in flavour space. To obtain the mass



















The simultaneous transformations of the fields,
ψleL → U lL ψleL ,







ψdR → UdR ψdR,
ψquL → U˜ qL ψquL ,
ψuR → U˜uR ψuR,
(2.24)
in Lfermion + LYuk drop out for couplings that conserve weak isospin but remain as





in the interactions involving the charged fields W± and φ±. In the approximation of
vanishing neutrino masses, the mass degeneracy allows to choose the transformation of the
neutrino fields as U˜ lL = U
l
L. Therefore V
l becomes the unit matrix. For the quark sector
this matrix V CKM ≡ V q remains and is known as the Cabibbo-Kobayashi-Maskawa (CKM)
matrix [74–76].
Eq. (2.23) shows the relation between the fermion masses, the vacuum expectation value






This is an essential prediction of the generation of the fermion masses via the Higgs–Kibble
mechanism. Measuring these three parameters independently allows to test this prediction
and therewith the Higgs sector of the SM.
2.4 Next-to-Leading Order Corrections
Since it is impossible to obtain a closed analytical solution of the fundamental equations
describing a chosen process within the SM the most important tool used for calculating
physical observables is perturbation theory. Transition amplitudes are expanded in power
series of small dimensionless parameters which usually are the gauge couplings of the theory.
2.4. NEXT-TO-LEADING ORDER CORRECTIONS 11
The Leading Order (LO) is the lowest order with non-vanishing coefficient, the Next-to-
Leading Order (NLO) the next higher order. Furthermore for the diagrammatic approach
the number of loops in a diagram is important. The case of no loops is called Born or tree
level. In this work the virtual NLO corrections are provided by one-loop corrections and
therefore the two expressions “virtual NLO” and “one-loop” are interchangeable. Please
note that this is only the case if LO and tree-level coincide.
One-loop virtual diagrams lead to integrals of the form∫
d4k
(2pi)4
1, kµ, kµkν, . . .
[k2 −m20] [(k + k1)2 −m21] [(k + k2)2 −m22] · · ·
, (2.27)
where k is the loop momentum, which is not fixed by the external momenta, and the
ki are linear combinations of the external momenta. The denominator is built up by
propagators with momenta k + ki and masses mi, and the numerator by couplings and
factors stemming from fermion propagators. Since these integrals are, in general, divergent
one has to regularize them which is most conveniently done by Dimensional Regularization








The new mass µDR is introduced to keep the action dimensionless. For D = 4 − 2ε the





There are two kinds of divergences which can be separated in a unique way, one at infinite
loop momentum k and the other one at finite values of k. The former are called UltraViolet
(UV) divergences. They produce only 1
ε
poles and are removed by renormalization (see
Section 2.5). The latter are InfraRed (IR) divergences and can only appear if massless
particles are involved. In our notation they are subclassified into soft and collinear diver-
gences. The former occur at specific values of k and the latter from regions where the loop
momentum k becomes collinear with an external light-like momentum p (k · p→ 0). Only
the overlap of soft and collinear divergences leads to 1
ε2
poles. Since the UV divergences
can clearly be distinguished from the IR ones, they can be regularized independently which
leads to the possibility of introducing two independent masses µUV and µIR in Eq. (2.28)
for UV and IR divergences, respectively.
Quantities that do not depend on the long-distance behaviour of the theory are infrared
safe [79–82]. They do not contain any soft or collinear divergences. Inclusive cross sections
belong to the class of infrared-safe quantities. For an inclusive cross section one has to
sum over all indistinguishable initial as well as final states.
In the case of a hadron–hadron scattering into the final state a+ b+X,
A+B → a+ b +X, (2.29)
the process
A +B → a + b+ g +X (2.30)
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is physically indistinguishable from the process (2.29) if the gluon is soft or collinear to
another parton. In addition, it is of the same order in perturbation theory as the virtual
corrections to (2.29). Therefore this process has to be included when calculating the NLO
corrections to (2.29). Corrections like (2.30) are called real corrections. In this work the
two processes (2.29) and (2.30) are not distinguished at all and the real corrections include
the whole gluon spectrum instead of only the soft and collinear parts.
Due to the vanishing gluon mass real corrections contain soft and possibly collinear diver-
gences, which cancel the soft and partly the collinear divergences of the virtual corrections.
The remaining collinear divergences are removed by the renormalization of the parton den-
sities. This procedure is called factorization and will be explained in Section 2.7.
In summary, the NLO corrections ∆σNLO to the total cross section σ contain three parts:
the virtual corrections, the real corrections, and the collinear counter term,
∆σNLO = σvirtual + σreal + σcoll. (2.31)
2.5 Renormalization
As already mentioned in the previous section, calculating higher-order corrections leads to
UV divergences which are regularized, e.g., by DR. The idea of renormalization is to cal-
culate physical quantities with bare parameters that are divergent. These bare parameters
are then renormalized leading to a finite result for all physical quantities. This remarkable
feature is called renormalizability and was first proven by ’t Hooft [83,84] for non-Abelian
gauge theories with SSB.
The bare parameters and fields are expressed in terms of renormalized parameters and
fields by means of a renormalization transformation:




















mass renormalization: m0Q = mQ + δmQ,
coupling renormalization: g0s = gs + δgs. (2.32)
The bare quantities are labeled by a superscript 0. The quantities with a δ are called
renormalization constants and contain the UV divergences. The divergences are unique
but there is a freedom in choosing the finite part shifted into the renormalization constants.
This choice defines the renormalization scheme. The actual numerical prediction for a
physical quantity is independent of the renormalization scheme used for the calculation.
The most common renormalization schemes are the on-shell scheme [85–89] mostly used
in calculating electroweak corrections and the modified Minimal Subtraction (MS) scheme
2.5. RENORMALIZATION 13
[90] which is the preferred one for calculating QCD corrections. In this work the on-shell
scheme is used for massive quarks and the MS scheme for all massless particles.
• In the on-shell scheme the renormalized masses are chosen as the poles of the propa-
gators. In addition the renormalization constants of the fields are adjusted such that
all external self-energies vanish. This leads to two conditions on the renormalized










ΓˆQ(p)ψQ(p) = i ψQ(p). (2.34)
In NLO ΓˆQ(p) contains the tree-level two-point function, the one-loop self-energy,
and the counter terms,








+ i [(/p−mQ)δZQ + δmQ] . (2.35)























• In the Minimal Subtraction (MS) scheme [91] the renormalization constants only
contain divergences but no finite terms. As in the case of a massive quark, the two-
point functions of a massless quark and a gluon contain three contributions at the
one-loop level:
Γˆq(p) = i/p + i/pΣ
P
q (p
2) + i/p δZq, (2.38)














2) denotes the vacuum polarization. The condition of the finiteness of
the renormalized two-point functions leads to the renormalization conditions of the
MS scheme:
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The renormalization constant of the QCD coupling is determined by the condition














where a, i, j are the colour indices of the gluon and the two quarks. The renormaliza-
tion constants δZq, δZG, and δgs defined above do not depend on the scale µUV . Hence
this ad hoc introduced parameter does not drop out in the renormalized quantities.
The dependence on µUV is absorbed by the introduction of a scale dependent coupling
αs(µUV ). By comparison with other renormalization schemes one can interpret µUV
as the renormalization scale which is usually denoted by µR. The dependence of the
strong coupling on µR is described by the renormalization group equation [91–93].
The MS scheme differs from the MS scheme by absorbing some general finite terms








− γE + log(4pi) (2.43)
with the Euler constant γE = 0.5772156649 . . . and the Gamma function Γ(x).
In this work the MS scheme for the QCD coupling gs is altered in such a way that the heavy
quarks are decoupled from the running of αs. For the explicit form of the renormalization
constants see Chapter 4.
Note that the vacuum expectation value as well as the Higgs field and mass are not renor-
malized in this work because at the one-loop level neither of them receives QCD correc-
tions. Electroweak corrections would affect all these parameters and fields, however, they
are ignored here.
When calculating S-matrix elements one has to take the Lehmann–Symanzik–Zimmermann
(LSZ) factors Z = 1+δZ [94] for all external fields into account. The term δZ is connected
to the renormalized one-loop self-energy of the corresponding particle. The second condi-
tion of the on-shell scheme, Eq. (2.34), is chosen in such a way that the LSZ factor is equal
to one. When using the MS scheme these LSZ factors differ from unity, see Appendix B.
When summing all orders of perturbation theory, the result for a physical quantity is
independent of the artificially introduced renormalization scale. In practice one has to
truncate the series at a certain order n which leads to a dependence on the renormalization
scale of order n + 1. The remaining renormalization-scale dependence quantifies part of
the theoretical uncertainty caused by unknown higher-order corrections.
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2.6 The Parton Model
The parton model of hadrons is based on the following assumptions: (i) hadrons are made
up of constituents, their partons, which are identified with the quarks and gluons of QCD,
(ii) every parton carries a longitudinal momentum which is a fraction ξ of the hadron’s
momentum pµ with 0 ≤ ξ ≤ 1 and only a negligible transverse momentum, (iii) for the
hard scattering of the partons all hadron and parton masses can be neglected, and (iv) the
typical time of the hard scattering process is much smaller than the interaction time of
the partons with each other. Therefore the partons can be treated as quasi-free particles
which scatter incoherently.
The parton model allows to separate the hard (short-distance) from the soft (long-distance)
interactions. In this way it is possible to calculate the former in perturbative QCD (pQCD)
and to convolve the partonic cross section σˆ with the probability density fi,A(ξ) to find a
parton i in hadron A with momentum ξpµ. These probability densities are called parton






dx1 dx2 σˆij(x1p1, x2p2) fi,A(x1) fj,B(x2). (2.44)
Here the sum extends over all initial partons i, j which lead to the chosen final state. The
parton densities contain all the soft properties of the model which are not accessible by
perturbation theory. Since they cannot be calculated they have to be determined from
experiment, e.g., from deep inelastic scattering in ep collisions at HERA [95,96].
2.7 Factorization
In Section 2.4 the term σcoll was introduced to cancel the remaining collinear divergences
after adding virtual and real corrections in Eq. (2.31). The factorization theorem [97]
states that these remaining divergences are process-independent and can be absorbed by a
redefinition of the parton density functions. In analogy to renormalization, physical quan-
tities are calculated using collinear divergent bare parton densities. The parton densities
are then renormalized. This leads to the cancellation of the process-independent collinear









(f 0q ⊗ F qq)(x, µ2F ) +
αs
2pi
(f 0g ⊗ F qg)(x, µ2F ), (2.45)
fg(x, µ
2





(f 0q ⊗ F gq)(x, µ2F ) +
αs
2pi
(f 0g ⊗ F gg)(x, µ2F ). (2.46)
The convolution is defined as
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and the F ab(x, µ2F ) read







P ab(x) + Cab(x). (2.48)
A new scale µF is introduced, the factorization scale. It distinguishes the soft from the
hard region. While the first term in Eq. (2.48) containing all divergences is unique the
finite term Cab involves some freedom. This choice defines the factorization scheme. In
the MS scheme [98] they are zero by definition while in the DIS scheme [99] they are
adjusted in such a way that the structure function F2 of the proton remains unchanged
after factorization.
The Altarelli–Parisi splitting functions P ab(x) describe the probability for the emission of
a parton a with momentum fraction x from a parton b [100]:















P qg(x) = TR
[
x2 + (1− x)2] , (2.50)
P gq(x) = CF
[





















are the Casimir operators of the SU(3)C




denotes the number of light quarks. The “+” distribution is defined in the usual way:
∫ 1
0
dx [f(x)]+ g(x) =
∫ 1
0
dx f(x) [g(x)− g(1)] . (2.53)
The splitting functions can be written in terms of regularized splitting functions plus an
infrared sensitive part:












where the square of the colour operators Ta are the Casimir operators T
2
g = CA and






CF are the anomalous dimensions.
The convolution in Eq. (2.44) has now to be expressed in terms of renormalized parton
2.7. FACTORIZATION 17
densities. The NLO corrections to the hadronic cross section then reads:









































The quantity ∆σˆNLOij contains the virtual and the real corrections to the partonic cross
section. Hence this first term is equal to the sum σvirtual+σreal in Eq. (2.31). The remaining
two terms in Eq. (2.55) provide the expression for the collinear counter-term σcoll.
The statements about the renormalization scale at the end of Section 2.5 also hold for
the factorization scale µF . When summing all orders of perturbation theory any physical
quantity is independent of µF but when truncating this series a dependence on it remains
and is part of the theoretical uncertainty.
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Chapter 3
Conventions and LO Cross Section
3.1 Notations and Conventions
In LO two partonic processes contribute to the hadronic processes PP/P P¯ → QQ¯H:
q(p1) + q¯(p2) → Q(p3) + Q¯(p4) +H(p5),
g(p1) + g(p2) → Q(p3) + Q¯(p4) +H(p5).
Typical diagrams of these processes are depicted in Fig. 3.1. The pµa = (p
0
a,pa), (a =
1, . . . , 5) denote the momenta of the massless incoming and of the massive outgoing particles
with masses mi =
√
p2i . The following invariants are defined:
sˆ = (p1 + p2)
2, sij = (pi + pj)
2, tai = (pa − pi)2, (3.1)
with a = 1, 2 and i, j = 3, 4, 5. Only six of the ten variables above are independent since one
momentum can be eliminated by momentum conservation. The squared partonic Centre-
of-Mass (CM) energy sˆ is related to the hadronic CM energy squared s by sˆ = x1x2s where
x1 and x2 are the momentum fractions of the incoming partons.

































Figure 3.1: Typical LO diagrams.
19
20 CHAPTER 3. CONVENTIONS AND LO CROSS SECTION
where Nc(ca) and Ns(sa) denote the number of the colour and spin degrees of freedom of the
incoming particles, respectively. The colour and spin quantum numbers are labeled by ca
and sa, respectively. The integral over the 3-particle Phase Space (PS) in four dimensions

















The variables in the second line of Eq. (3.3) are defined in the partonic Centre-of-Mass
System (CMS) with the beam pipe along the z axis,
pµ1 = (E, 0, 0, E), p
µ
2 = (E, 0, 0,−E). (3.4)
The solid angle of the outgoing quark is denoted by dΩ3 = dcos(θ3) dφ3. In addition, α





|p5|2 − |p3|2 − |p4|2
2|p3||p4| , (3.5)
where momentum conservation, p3 +p4 +p5 = 0, was used. The integration limits for the
angles are
0 ≤ θ3 ≤ pi, 0 ≤ φ3 ≤ 2pi, 0 ≤ β ≤ 2pi. (3.6)
Due to rotational invariance around the beam axis the integration over φ3 can be performed
in a trivial way yielding a factor 2pi.
The condition | cos(α)| ≤ 1 leads to the boundaries for p03 and p04 which are not independent.




5, Eq. (3.5) yields
(p04)max,min =
(2E − p03)(A3 +m24 −m25)±
√
(p03)




A3 = 4E(E − p03) +m23 (3.8)
and the Ka¨lle´n function









x−√y +√z)(√x+√y −√z)(√x−√y −√z).
(3.9)
The limits for p03 are reached when the integration interval for p
0
4 vanishes:
(p03)min = m3, (p
0
3)max =
4E2 +m23 − (m4 +m5)2
4E
. (3.10)
To obtain the hadronic cross section, the partonic cross section, Eq. (3.2), has to be
convolved with the parton densities as described in Eq. (2.44).
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3.2 Standard Matrix Elements
The amplitude M depends on the invariants defined in Eq. (3.1), the colour indices ca and
ci of the incoming and outgoing QCD particles, respectively, and the spin sa and sj of the
initial- and final-state particles:
M = M(sˆ, sij, tai; ca, cj; sa, sj). (3.11)
It can be decomposed into Lorentz invariant formfactors Fc,i(sˆ, sij, tai), colour structures
Cc(ca, cj), and Standard Matrix Elements (SME) Mi incorporating the dependence on the
spin and the polarization vectors:
M(sˆ, sij, tai; ca, cj; sa, sj) =
∑
c,i
Mi(sˆ, sij, tai; sa, sj) Cc(ca, cj) Fi,c(sˆ, sij, tai). (3.12)














The advantages of this decomposition are manifold. The time-consuming calculation of
the traces of Dirac matrices occurring from squaring the amplitude has only to be done
once when computing M†iMj. The effort of computing the formfactors is smaller than
contracting the amplitudes, both analytically and numerically. Especially when calculating
virtual corrections this method reduces the analytical result and therefore the time for
numerical evaluation tremendously since the contraction of the virtual amplitudes with the
complete LO amplitude is avoided. In addition it simplifies by choosing different gauges
for internal and external gluons. Owing to the avoidance of external ghosts a polarization
sum which projects out the physical states is used for external gluons. The Feynman gauge
is applied to the internal gluons leading to the simplest possible gluon propagator.
For the qq¯ channel at LO solely one colour structure,
Cqq¯1 = i tac4c3tac2c1, |Cqq¯1 |2 = 2, (3.14)
and only four SME,
Mqq¯1,1 = [v¯(p2)/k1u(p1)] [u¯(p3)v(p4)],
Mqq¯5,1 = [v¯(p2)/k2u(p1)] [u¯(p3)v(p4)],
Mqq¯10,1 = [v¯(p2)γµu(p1)] [u¯(p3)γµ/p1v(p4)],
Mqq¯11,1 = [v¯(p2)γµu(p1)] [u¯(p3)γµ/p2v(p4)], (3.15)
are sufficient. The corresponding formfactors are
F qq¯1,1 = +
2
sˆ(s45 −m2Q)
, F qq¯5,1 = −
2
sˆ(s35 −m2Q)






F qq¯5,1 − F qq¯1,1
)
. (3.16)
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For the gg channel the situation is much more involved. The polarization vector of the
incoming gluon with momentum pµi is denoted by 
µ
i . In addition to the transversality
condition i · pi = 0 they are requested to fulfill the gauge conditions
1 · p2 = 2 · p1 = 0. (3.17)
In our choice, twelve SME are needed for the gg channel at LO. They are listed in Ap-
pendix A together with the corresponding formfactors. The first three of the following
colour structures are the ones of the t-, u-, and the s-channel, respectively, while the last
one only contributes in NLO,
Cgg1 = i tc1c4c tc2cc3,
Cgg2 = i tc2c4c tc1cc3,
Cgg3 = f c1c2c tcc4c3,
Cgg4 = i dc1c2c tcc4c3. (3.18)
These four colour structures are not independent, e.g. Cgg3 can easily be expressed in terms
of Cgg1 and Cgg2 by using the commutation relation of tcc4c3. For calculating the square of the
amplitude, the 4× 4 matrix (Cggi )† Cggj has to be computed,
























3.3 The Input Parameters
For the numerical evaluation the Yukawa coupling gQQ¯H =
√
2mQ/v is needed. In this
work the vacuum expectation value v is extracted from the Fermi constant GF via the tree-
level relation Eq. (2.19), v2 = 1/(
√
2GF ). The numerical values of GF and the top-quark
mass mt are given by GF = 1.16639× 10−5 GeV−2 [101] and mt = 174 GeV.
The Higgs mass will be varied between 80 and 280GeV with a preferred value of 120GeV.
Since the QCD parameter ΛQCD is simultaneously fitted together with the parton densities,
it is fixed by the choice of the latter. In this work CTEQ4 [102] is used for the parton
densities. The parameters ΛLO5 = 0.181 GeV and Λ
MS
5 = 0.202 GeV are the corresponding
values of ΛQCD for the CTEQ4L and CTEQ4M parton densities at LO and at NLO using
the MS scheme, respectively. The subscript 5 indicates that the number of light flavours
is set to five.
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The default value for the renormalization and the factorization scales is defined as half the
threshold energy,
µ0 = (2mt +MH)/2. (3.20)
To examine the scale dependence µR and µF will be varied from µ0/5 to 5µ0.
3.4 The LO Predictions for PP¯/PP → tt¯H
Figure 3.2 shows the LO approximation of the total cross section at the TEVATRON and
the LHC for P P¯/PP → tt¯H+X as a function of the Higgs mass. Both the renormalization
and the factorization scales are set to the central value, µR = µF = µ0. The cross section
at the TEVATRON is multiplied by a factor 100 in order to be visible. It drops from 10 fb
for MH = 100 GeV to 0.3 fb for MH = 250 GeV. At the LHC the cross section varies
between 940 fb and 70 fb in the same Higgs mass range.
In Fig. 3.3 the scale dependence of the total cross section for a fixed value of MH = 120GeV
is plotted. Again the renormalization and the factorization scales are chosen to be equal,
µ = µR = µF , and the cross section at the TEVATRON is multiplied by 100. The dramatic
variation of more than a factor of three at the TEVATRON and roughly a factor 2.5 at the
LHC within the rather small interval µ0/3 < µ < 3µ0 shows that the LO approximation
 [GeV]HM
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Figure 3.2: The total cross section for P P¯/PP → tt¯H + X in LO at the TEVATRON
(dashed line) and the LHC (solid line).


























 = 120 GeVH  M
 ) / 2H + Mt = ( 2m0µ  
 =  2 TeV (x 100)s  
 = 14 TeVs  
Figure 3.3: The scale dependence of the total cross section for P P¯/PP → tt¯H +X in LO
at the TEVATRON (dashed line) and the LHC (solid line).
for the total cross section P P¯/PP → tt¯H + X is plagued by considerable uncertainties.
This indicates that the LO results are not sufficient for a reliable prediction and underlines




For a consistent treatment of the virtual one-loop corrections the squared transition matrix
element |M|2 has to be expanded into a power series of the strong coupling constant αs,




+ . . . , (4.1)
for each channel, qq¯ and gg. The diagrams contributing to Mvirtual are self-energies, vertex
corrections, boxes, and pentagons. Typical representatives are depicted in Fig. 4.1. They
are classified into three gauge-invariant groups. The first one contains all diagrams with
closed fermion loops where the Higgs couples to one of the external heavy quarks. The
second class includes all diagrams where the Higgs is radiated off from a closed fermion
loop. All other diagrams containing at least one internal gluon in the loop are collected in
the last class. Only diagrams of the first or the last group can be UV divergent. Since for
the second set no corresponding ggH or gggH coupling exists at tree level, which could
produce a counter term, the sum of all diagrams in this group is UV finite. The Feynman
gauge is applied to the internal gluons, hence ghosts have to be taken into account. In this
gauge for the qq¯ channel there are 2, 2, and 25 graphs in the three groups, respectively.
For the gg channel the three classes contain 6, 20, and 108 diagrams. Each flavour in a
closed loop is counted only once and tadpole diagrams are omitted since they vanish.
All UV and IR divergences are consistently regularized in Dimensional Regularization
(DR); for the renormalization see Section 4.2. The loop integrals are reduced to standard
integrals Bµ..., Cµ..., Dµ..., and Eµ... (see Appendix C). The Passarino–Veltman reduction
[103] to scalar integrals is applied to the tensor integrals. The tensor coefficients are
calculated numerically in order to avoid huge algebraic expressions. The five-point function,
which is particularly complicated, is discussed in Section 4.3 below.
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Figure 4.1: Some representatives of the gauge-invariant subsets (i)-(iii) of one-loop QCD
diagrams, as described in the text.
For the calculation of the NLO term in Eq. (4.1) the virtual amplitude is decomposed into




Mi Cc F virtuali,c . (4.2)
Together with the analogous decomposition of the LO amplitude the contribution of the





















4.2 The Renormalization Constants
As already mentioned in Section 2.5, the renormalization constants of the heavy quarks are
determined in the on-shell scheme while the massless partons are renormalized in the MS
scheme. For the renormalization constants of the gluon field as well as the strong coupling
constant a modified MS scheme is adopted in which the contribution of the top quark
is decoupled from the running of αs. The explicit form of the renormalization constants


















































where the subscript UV emphasizes the UV property of the divergence and Nf denotes the
number of light flavours. The scalar two-point function B0 is defined in Eq. (C.1) and its
derivative is given in Eq. (C.7).
Since the external self-energies of the massless particles do not vanish in the employed
renormalization scheme, the LSZ factors for the external legs have to be taken into account.


















The explicit form of B0(0; 0, 0) is given in Eq. (C.6). Note that δZq and δZG contain IR
divergences but are UV finite.
4.3 Five-Point Functions






kµ1 · · ·kµn
d0d1d2d3d4
(4.11)
with di = (k + ki)
2 −m2i + 0i.
In the case of a finite integral, and hence the feasibility of restricting D to four, a scalar
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with real coefficients ci. For the decomposition the integration momentum k is written as
a linear combination of the four linearly independent momenta ki. The integral D0(i) is
obtained from E0 by omitting the ith denominator di.
When dealing with soft or collinear divergent integrals the restriction to four dimensions
is not possible anymore, and therefore the method above is not directly applicable. This
problem is due to the use of DR. There are other regularization schemes that stick to four
dimensions and thus circumvent this problem. Therefore the idea is to employ a mass
regulator which works in four dimensions in an intermediate step and a definite transition
from one regularization scheme to the other.
In detail the procedure works as follows [56]. In addition to the DR an infinitesimal mass
regulator λ is introduced,
E
(D)
0 → E(D,mass)0 , (4.13)
where E
(D,mass)
0 reduces to E
(D)
0 if λ = 0. Now a new integral E
(D,mass)
0,sing with the same IR sin-
gularity structure as E
(D,mass)
0 is specified in a well-defined way. The new integrand is com-
posed of three-point functions with purely kinematical prefactors which are regularization-
scheme independent. Thus the difference E
(D,mass)
0 − E(D,mass)0,sing is finite, uniquely defined,
and regularization scheme independent in the limit D → 4 and λ → 0. Hence the limits
D → 4 and λ→ 0 commute and one obtains
E
(D)
0 − E(D)0,sing +O(D − 4) = E(D=4,mass)0 − E(D=4,mass)0,sing +O(λ). (4.14)





0, 0, M2H , m
2
Q, s, t1, s1, s2, t2; 0, mQ, mQ, mQ, mQ), which occurs in diagrams with four
internal heavy quarks and one internal gluon. In the limit k → 0 two denominators remain
finite,
d2 = k
2 + 2 k · k2 + s−m2Q → s−m2Q,
d3 = k
2 + 2 k · k3 + s2 −m2Q → s2 −m2Q, (4.15)
while the other three become singular,
d0 = k
2 − λ2 → 0, d1 = k2 + 2 k · k1 → 0, d4 = k2 + 2 k · k4 → 0. (4.16)
The function E
(D,mass)
0,sing is given by the three-point function that contains the three singular




















Q, t2;mQ, 0, mQ). (4.17)












respectively. The explicit form of the singularity structure for all needed four- and five-
point functions is given in Appendix C.
The decomposition of the five-point function into four-point functions, which works in four
dimensions, can be applied to E
(D=4,mass)
0 , and E
(D)











+O(D − 4) +O(λ), (4.18)
where terms of higher order in D−4 or λ have been neglected. For the five-point scalar in-
tegrals it is possible to obtain a decomposition as in Eq. (4.12). For this purpose E
(D=4,mass)
0









Next the procedure for switching between mass and dimensional regularization, Eq. (4.14),













+O(D − 4) +O(λ). (4.20)





























0 (i) +O(D − 4) +O(λ). (4.21)
All integrals with subscript ”sing” are linear combinations of independent three-point func-
tions, which have either D dimensions or a mass regulator. The three-point functions with
a mass regulator have zero coefficients because the decomposition method working in four
dimensions is applicable. Since these coefficients are regularization-scheme independent,
they are the same for both kinds of three-point functions. Hence the total sum of the
integrals with subscript ”sing” vanishes.
In this work Eq. (4.21) in D dimensions is used to calculate the five-point functions.
Therefore all corresponding four-point functions are needed in D dimensions. They are
listed in Appendix C together with the IR-divergent three-point functions. An alternative
approach is to exploit Eq. (4.18) for the five-point as well as for the four-point functions.
Hereby all IR divergences are embodied by three-point functions C
(D)
0,sing. In this case the
four-point functions are needed with mass regulator.
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The decomposition of the five-point tensor integrals in terms of Lorentz covariants can be
written as














(pi,µ∆gνρ + pi,ν∆gµρ + pi,ρ∆gµν)E00i,
(4.22)
where for the most general tensor in D dimensions the metric gµν is needed. It is more
convenient to use ∆gµν = gµν − g(D=4)µν instead. Here g(D=4)µν denotes the metric tensor in









pi,µpj,ν, Zij = (pi · pj). (4.23)
None of the terms in Eq. (4.22) which are proportional to ∆gµν contributes in the case of
QQ¯H-production. The object ∆gµν is of O(D − 4) and can therefore only contribute if
the corresponding tensor coefficient is divergent. The explicit tensor reduction reveals that
they are finite. Only those covariants of tensor integrals receive divergent coefficients that
are built by the singular regions in momentum space. Hence if the collinear divergence
occurs for k → xp or the soft divergence at k → p, only covariants corresponding to
tensors of p alone become IR-divergent. Moreover, power counting shows that all relevant
five-point integrals are UV finite.
4.4 The Endpoint Contribution
Within the subtraction formalism [61–63,106,107] the endpoint contribution is that part of
the real corrections that has the same kinematics as the LO process and that is needed to
cancel the IR divergences of the virtual corrections. Hence in a certain sense it belongs to
the virtual corrections and is presented here although the real corrections will be treated
in the next chapter.
For the endpoint contribution the LO amplitude has to be reordered in colour space. The
matrix element
|Mcolour(j, k)|2 = 〈LO|Tj ·Tk |LO〉 , (4.24)
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will be used in the following, where j and k label initial as well as final-state partons. The
explicit form of the colour operators Tj are given in Appendix D. The result of acting
Tj ·Tk on the colour structure Cm can be decomposed into a sum of colour structures,




with real coefficients cjknm. After defining the auxiliary formfactors


















∗F colouri,c (j, k)
]
. (4.27)
For the qq¯ channel |Mcolour(j, k)|2 can be simplified to
|Mcolour(j, k)|2 = cjk |MLO|2 (4.28)
with the coefficients
c12 = c34 = +
1
6
, c13 = c24 = −7
6
, c14 = c23 = −1
3
. (4.29)
This is possible because MLO is proportional to Cqq¯1 , see Eq. (3.14), and the second inde-
pendent colour structure Cqq¯2 occurring in Eq. (4.25) is chosen to be orthogonal to Cqq¯1 , see
Eq. (A.3).
The LO amplitude of the gg channel can be written in such a way that only the first two
colour structures of Eq. (3.18) contribute. Therefore it is possible to restrict n to 1, 2. The


























































The contributions to the endpoint E are structured by pairs of partons which occur in
the combinations initial-initial, initial-final, and final-final. The origin of this structure
will become clear when explaining the dipole subtraction formalism in Chapter 5. In
the following a and b denote initial-state partons while j and k label final-state partons.
32 CHAPTER 4. VIRTUAL CORRECTIONS
For each contribution the corresponding colour-reordered matrix element is multiplied by





J ab |Mcolour(a, b)|2 +
∑
a,j







The functions J are given by






































)− 2Li2 (−µ¯2Q)+ 32 − 23pi2 + µ¯2Q2 (1 + µ¯2Q) ,
Jjk = 2Ieik(µˆQ) + Irem(µˆQ). (4.32)
The integrals Ieik(µˆQ) and Irem(µˆQ) are rather lengthy [61] and deferred to Appendix D.


















The two dimensionless parameters µ¯Q and µˆQ are defined as
µ¯2Q =
m2Q





















The ε-poles in the endpoint contribution E exactly cancel the poles of the virtual cor-
rections. This has been checked analytically against the results of Ref. [107] and also
numerically. In addition, the sum of the virtual corrections and the endpoint contribution
does not contain logarithms of the form αs ln(m
2
Q/sˆ) for sˆ m2Q as explained in Ref. [61]
since the subtraction function respects the so-called quasi-collinear limit. The avoidance
of the terms αs ln(m
2
Q/sˆ) is very useful for numerical stability in the high-energy limit.
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4.5 Avoiding Numerical Instabilities
At the boundary of the PS the external momenta pi are not linearly independent, which is
equivalent to a vanishing Gram determinant detZij, with Zij = (pi · pj). Mathematically
the boundary is a set of measure zero and does not disturb the integrability of the PS
integral. But numerically a vanishing Gram determinant can cause instabilities because
effectively zero divided by zero is evaluated in the Passarino–Veltman reduction. The
adaptive Monte Carlo (MC) used for the PS integration generates most random points
into the PS regions contributing most to the total result. In the small PS domain where
the integrand is numerically unstable the evaluation yields a wrong result that can be far
too large. Since the adaptive MC generates more and more points into this PS region, the
integration leads to a wrong final result accompanied by a huge relative error.
Each rank of a tensor integral adds one factor of the Gram determinant in the denominator
and hence increases the danger of numerical instabilities. Since the three- and four-point
functions involve less external momenta than the five-point integral, the part of the PS
boundary, in which the Gram determinant of the former tends to zero, is smaller than the
corresponding region of the latter. In addition, the scalar five-point function is reduced
to four-point functions and is hence evaluated less accurately than the scalar integrals
with less external legs. Therefore the tensor integrals of the five-point function are more
suspected to be endangered by numerical instabilities than tensor integrals of three- or
four-point functions.
The simple solution of cutting-out all dangerous PS regions was rejected because of the po-
tential loss of information contained in these domains. Instead an extrapolation procedure
is employed to stabilize the integrand. First the dangerous PS regions were identified and
described by cuts. When the MC integration routine dices a point inside this region, the
matrix element is not only calculated directly but also an approximation of it is obtained
by an extrapolation using results from the safe PS region. Both results are compared and
if they deviate too much, a more precise extrapolation with more points is made. In the
case of consistent extrapolations but a deviating direct result the value of the most reliable
approximation is used. If in the end all extrapolated and the directly calculated results
do not agree within a given accuracy the PS point is discarded. Owing to this procedure
the integrand is calculated in a stable way and, in addition, the increasing generation of
random points into the dangerous PS regions described above is avoided.
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k0i , βi =
√
1− k2i /(k0i )2, and x˜i = xi βi. One cut is applied to the dimen-
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3) sin θ sin β and another one to the azimuthal angle β around
β = 0 and β = pi. The latter is performed because most instabilities are already caught by
this cut.
Inside the cuts first a one-dimensional extrapolation within the variable β is performed
using a Fourier series with trigonometric functions. If necessary, this extrapolation is
repeated with twice as many points. Secondly a similar extrapolation is carried out which
is again one-dimensional but its independent variable does not coincide with the variable β
but corresponds to a straight line through all integration variables of the three-particle PS.
Again, if needed it is repeated with the number of points doubled. After each extrapolation
the results are compared. If they agree within a given discrepancy, the most reliable result
is returned else the next extrapolation is done. If no extrapolation fulfills the requirements
the PS point is discarded.
The reliability of this procedure has been tested by choosing different extrapolation meth-
ods and by varying the PS cuts. It turned out that the result does not depend on the
details of the procedure. This is a crucial requirement since otherwise one could not trust
the result.
4.6 The Coulomb Singularity
Coulombic gluon exchange between the two outgoing heavy quarks enhances the QCD
corrections near threshold,
√
sˆ & 2mQ +MH . The generic diagram is depicted in Fig. 4.2.
In the limit of vanishing gluon momentum the NLO matrix element, denoted by MCoul,
becomes singular with a factor 1/β34,





1− 4m2Q/s34 is the relative velocity of the quark pair and tends to zero
close to threshold. This is the well-known Sommerfeld rescattering correction [108]. At
threshold the LO matrix element becomes constant. Averaging 1/β34 over the PS near















Figure 4.2: Generic diagram leading to the Coulomb singularity.
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is proportional to the maximal value of β34. The colour factor CCoul is given by
CCoul = −〈LO|T3 ·T4 |LO〉〈LO LO〉 . (4.41)







(4m2Q −M2H)2 − 911M4H







For the qq¯ channel it can directly be read off from Eq. (4.29). The quark pair is generated
via a gluon and hence in a colour-octet state. Cqq¯Coul is negative and quite small. In gg
scattering two colour amplitudes contribute in LO. Since they are reweighted differently,
as can be seen from Eq. (4.30), CggCoul is not a simple number, but depends on the ratio
MH/mQ. For Higgs masses roughly below 250GeV the corrections are positive and in size
comparable to the one of the qq¯ channel.
Since 〈√sˆ〉 > 2µ0, and owing to Eq. (4.42) no large Coulomb effects are expected at
the TEVATRON nor the LHC. By contrast, in e+e− annihilation the situation is quite
different [49–51]. Since the quark pair is produced in a colour-singlet state, Ce
+e−
Coul is
positive and in addition relatively large. Therefore the cross section near threshold is
strongly enhanced by the Coulomb singularity.




As already mentioned in Chapter 2, for the consistent treatment of the NLO corrections
to a total cross section the real corrections have to be taken into account. For the process
of interest in this work there are four different kinds of real corrections which contribute
incoherently:
q(p1) + q¯(p2) → Q(p3) + Q¯(p4) +H(p5) + g(p6),
g(p1) + g(p2) → Q(p3) + Q¯(p4) +H(p5) + g(p6),
g(p1) + q(p2) → Q(p3) + Q¯(p4) +H(p5) + q(p6),
g(p1) + q¯(p2) → Q(p3) + Q¯(p4) +H(p5) + q¯(p6). (5.1)
This list only contains the different partonic processes. Since each initial-state parton can
come from each hadron, there are actually eight partonic reactions at the hadron level.
Typical diagrams of the partonic processes are depicted in Fig. 5.1. While the transition
matrix elements of all four reactions contain collinear divergences which are balanced by
the factorization of the parton densities, only the first two processes are further affected
by soft divergences. These divergences cancel the ones of the virtual corrections.
The diagrams are calculated with the program MadGraph [109] which automatically gen-























Figure 5.1: Some representatives for the four different kinds of real corrections.
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helicity amplitudes by calling HELAS [110] subroutines. The results have been checked
against a second independent calculation. Helicity-amplitude methods first sum the di-
agrams before squaring them. Hence the complexity grows linearly with the number of
diagrams and not quadratically as in the case of trace techniques. However, the code gen-
erated by MadGraph is not designed for optimal speed or stability. Therefore a possible
future improvement with respect to both, speed and stability, is the recalculation of the
diagrams exploiting the Weyl–van der Waerden (WvdW) formalism [111–119] which is a
special kind of the helicity-amplitude methods. It makes use of Weyl spinors instead of
Dirac spinors. Since all four-vectors are expressed in terms of spinors, all spinor chains and
all scalar products of four-vectors are reduced to the same mathematical objects, namely
spinor products. Hence cancellations often take place at the analytical level and not only
numerically. This leads to very compact results whose evaluation is numerically stable.
After calculating the amplitude, the obtained transition matrix element has to be inte-
grated over the four-particle phase space. Since this integration leads to soft and collinear
divergences, the singularities have to be treated properly. This is done by applying the
dipole subtraction method, as explained in Section 5.3.
5.2 The Four-Particle Phase Space
The four-particle PS R4 with total momentum p is most conveniently constructed from
































×R2(p2,M1,M2)R2(M21 , m1, m2)R2(M22 , m3, m4),(5.2)
where mi (i = 1, . . . , 4) are the masses of the final-state particles. This PS is only needed in
four space-time dimensions. Its construction can be depicted as the decay of one incoming
particle into two intermediate particles with virtuality Mi =
√
q2i (see Fig. 5.2). The latter
in turn decay into two particles, leading to a one-to-four process. The two-particle PS R2
contains only the integration over a solid angle,
R2(q





























Figure 5.2: Structural diagram for constructing the four-particle PS from two-particle PSs.
where Ω∗1 denotes the solid angle of one of the final particles in the rest frame of q. Hence
for constructing the momenta of the final-state particles in the CMS of the four-particle
PS all momenta have to be boosted.
As in the case of the three-particle PS (see Section 3.1) the integration over the azimuthal
angle around the beam axis in R2(p
2,M1,M2) can be performed in a trivial way due to
rotational invariance. The result is a factor 2pi.
5.3 The Dipole Subtraction Formalism
The total PS integral for the processes (5.1) cannot be performed directly in four dimensions
due to the IR (soft and collinear) singularities. Two entirely different methods for solving
this problem are available. In the first method the PS is subdivided into a part that leads
to divergences and the finite remainder. The integration over the latter is finite and can
be performed in four dimensions. The integration over the former requires regulators and
will be explained later. This procedure is referred to as the PS slicing method. A recent
review article can be found in Ref. [121].
The other possibility is to subtract an auxiliary function with the same pointwise sin-
gularity structure from the cross section. Since the difference is finite everywhere, the
integration over this difference can be performed over the whole PS in four dimensions.
Clearly the subtracted function has to be readded. The construction of such a function
is very complicated but possible in a general way, because in the soft and collinear limits
the squared matrix element of the real corrections fulfills the factorization properties of
QCD [100, 122, 123]. In these limits the matrix element of the real corrections factorizes
into the matrix element of the LO process times general process-independent factors. In
addition, the PS of the massless particle that causes the singularities can be split from the
remaining PS. The constructed auxiliary function can be chosen simple enough, so that it
can be integrated over this one-particle PS analytically. This procedure is known as the
subtraction formalism [61–63, 106, 107, 124–129].
As known from various examples [106, 130] the subtraction method is usually numerically
more stable than the slicing method and needs less points for the MC integration, and
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hence less computer time, to obtain a reliable result. Therefore this procedure is employed
in this work. In addition the PS slicing method is used as an independent check in the qq¯
channel, see Section 5.6 for more details.
In this work a special version of the subtraction formalism, called the dipole subtraction
formalism [62,63], is adopted. It has recently been extended to the case of massive partons
in the final state [61], which is needed for QQ¯H production. In the rest of this section
the general idea is explained before the explicit formulae needed are given in the following
sections.
The NLO corrections to a process involving m particles in the final state consist of virtual













The labels m and (m + 1) indicate the m and (m+ 1) particle kinematics of the different
final states, respectively. The auxiliary function, which is subtracted and readded, can












The splitting of the (m+1) particle PS into the m particle PS times the one-particle PS of
the massless parton requires a convolution over a momentum fraction x if an initial-state
parton is involved. The integral over x becomes divergent for x → 1 and hence must be
regulated. This is done by introducing “+” distributions, as defined in Eq. (2.53), and






















where the subscript + labels the part containing the “+” distributions and the subscript
1 labels the endpoint. The exact form of the endpoint depends on the way, how the limit
x→ 1 is achieved. This subtlety will be discussed in Section 5.5. Collecting all parts, the
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where each bracket is finite. The endpoint contributions balance exactly the soft and
collinear divergences of the virtual corrections and have already been presented in Sec-
tion 4.4. A similar cancellation takes place for the divergences in the convolution.
The auxiliary cross section dσaux is constructed from process-independent building blocks,
namely from a sum over ordered parton pairs, called dipoles. These two partons are called
emitter and spectator. The kinematics of the former causes the singularities, while the
latter is needed for momentum and colour conservation. Symbolically the function dσaux




dσLO ⊗ dVdipole, (5.8)
where the ⊗ sign denotes possible spin and colour correlations. The dipole terms dVdipole
are constructed such that dσaux has the same behaviour as dσreal in the soft and collinear
limits. In addition, dσLO in Eq. (5.8) only depends on the m particle kinematics and the
whole dependence on the one-particle PS of the massless parton is contained in dVdipole.
Hence the integration over the one-particle PS can be performed analytically, leading to∫
1
dσLO ⊗ dVdipole =
∫
dx dσLO ⊗ V˜dipole,x
= dσLO ⊗ V˜dipole,1 +
∫
dx dσLO ⊗ V˜dipole,+ . (5.9)
Equation (5.9) provides an expression for the readded subtraction function, dσ˜auxi = dσ
LO⊗
V˜dipole,i with i = 1,+.
The functions dVdipole, V˜dipole,1, and V˜dipole,+ have been worked out in Ref. [63] for massless
partons and in Ref. [61] for the case of massive final-state partons. To employ this sub-
traction formalism these building blocks have to be combined accordingly. Thereby special
care has to be taken with respect to the “+” distribution because the parton densities are
also affected by them.
For a detailed explanation of the construction and integration of the dipole terms, the
reader is referred to the original literature. In the next two sections, only the formulae to
construct the auxiliary function for the special case of QQ¯H production in hadron collisions
are given.
5.4 The Subtraction Function
In this section the subtraction function |Maux|2 will be formulated at the level of the




dPS |Maux|2 . (5.10)
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The convolution with the parton densities is suppressed in the notation throughout this
chapter.
The indices a and b label initial-state partons, while i, j, and k label final-state partons.
These numbers are identical to the labeling of the momenta in Eq. (5.1). Furthermore,
i = 6 denotes the massless particle (gluon or quark) in the final state where the kinematics
causes singularities. The auxiliary function |Maux|2 receives four types of contributions

























The functions D are proportional to the LO matrix element which first has to be reordered
in colour space,
Dj6,k = − 1
(pj + p6)2 −m2Q
Vj6,k
〈|Mcolour(j6, k)|2〉 , (5.12)
Daj6 = −
1
























The definition of |Mcolour(j6, k)|2 is given in Eq. (4.24). The bracket indicates that the
averaging over the spin and colour degrees of the incoming partons has already been per-
formed. The explicit form of the functions V and the definition of the variables xj6,a and
x6,ab are not needed here and can be found in Appendix D. If the parton that stems from
the splitting of an initial-state particle and that enters the hard process is a gluon, its
spin correlation has to be considered. The object |Mcolour(a6, b)|2µν is obtained from the
colour-reordered LO matrix element by leaving out the contraction with the polarization












|Mcolour(a6, b)|2µν = |Mcolour(a6, b)|2 . (5.16)
This relation also holds when replacing b by j.
The matrix element |Mcolour|2 is defined with a three-particle kinematics, while |Maux|2
exhibits a four-particle kinematics. To get from the latter to the former the particle i
responsible for the singularities is combined with the emitter j to a single parton j˜i with
mass mji. If the emitter is an initial-state parton, the index j has to be replaced by the
index a. This leads to a construction of an m particle PS whose momenta are denoted
by p˜l. The mapping of the momenta with (m + 1) particle kinematics onto the momenta
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of the m particle PS, pµl → p˜µl , is done in such a way that all on-shell conditions and





goes to zero and p˜ji tends to pj +pi in the collinear limit. The mapping differs whether the
emitter and spectator are initial- or final-state particles. Their explicit forms are presented
in Appendix D.
5.5 The Readded Subtraction Function








Again, the convolution with the parton densities is suppressed in the notation. The quan-
tity
∣∣∣M˜aux(x)∣∣∣2 denotes the auxiliary cross section integrated over the PS of the single
parton that causes the singularities,∣∣∣M˜aux(x)∣∣∣2 = ∫
1
























The one-particle PS [dpi(pe, ps, x)] depends on the momenta pe and ps of the emitter and the
spectator, respectively. In addition, it includes a convolution, indicated by the appearance
of x, if an initial-state parton is involved.
The functions I in Eq. (5.18) are the four different contributions to Maux in Eq. (5.11)
integrated over the one-particle PS. They are proportional to the colour-reordered LO
matrix element,
I(x) = V(x) 〈|Mcolour(x)|2〉 . (5.19)
For the case of a final-state emitter and a final-state spectator no convolution is involved.





The quantity JQjgi,k ≡ Jjk has already been given in Eq. (4.32).























2− x + µ2Q
)
+ δ(1− x)J aQjgi
}
, (5.21)
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where J aQjgi can be found in Eq. (D.19). The definition of µ2Q is
µ2Q =
m2Q
2p˜ji · pa , (5.22)
and the scalar product reads






The momenta with a tilde are used for calculating
∣∣∣M˜aux(x)∣∣∣2. They depend on x and their
explicit form is given in Eq. (D.17) after replacing xji,a by x. At the endpoint (x = 1) µQ
coincides with µ¯Q defined in Eq. (4.34). As already mentioned in Section 5.3, the explicit
form of the endpoint depends on how the limit x→ 1 is reached. In this special case it is
done with the condition, that µQ is kept constant. For evaluating the “+” distributions,
the LO matrix element times parton distributions is needed twice, first using x-dependent
kinematics and secondly using the kinematics with x = 1. Hence the PS parameterization
must be chosen in such a way, that 2p˜ji · pa is independent of x. A simple way to ensure
this, is to use the scalar product in Eq. (5.23) as an integration variable.
The “+” distributions are constructed in such a way that all terms behave smoothly in
the quasi-collinear limit [61]. This behaviour leads to the property that in the massless
limit µQ → 0 no large logarithms of the form αs ln(m2Q/sˆ) are produced in the continuum
part of the readded subtraction function because they have been shifted into the endpoint
contribution. This improves the numerical stability when dealing with small but finite
masses, which is very useful when dealing with bottom quarks.
As can be seen in Appendix D, the kinematical situation is the same for an initial-state
emitter with a final-state spectator as in the previous case. For consistence the indices
have to be changed to ji→ j and a→ ai. The integrated dipole function reads






−∆1(2p˜j · pa)P a,ai(x) + 2P a,aireg (x) ln
[
(1− x)2



























1− x + µ2Q
)
+ δ(1− x) δa,ai T2a J aij
}
,(5.24)
where µ2Q is obtained from Eq. (5.22) after replacing p˜ji → p˜j and p˜a → p˜ai. The quantity
J aij is given in Eq. (D.22). The functions V a,ai(x) are defined as follows:
V qq(x) = V qg(1− x) = CF (1− x), V gq(x) = 2TR x(1− x), V gg(x) = 0. (5.25)
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Finally, in the case of an initial-state emitter with an initial-state spectator the integrated






−∆1(2pa · pb)P a,ai(x) + 2P a,aireg (x) ln(1− x) + V a,ai(x)






+ δ(1− x) δa,ai T2a J ai,b
}
,(5.26)
with the scalar product 2pa · pb = 2p˜ai · p˜b/x = s˜(x)/x and J ai,b ≡ J ab already defined
in Eq. (4.32). The comments after Eq. (5.23) apply here, too. But since sˆ = 2 pa · pb
only depends on the product x1x2 of the momentum fractions of the incoming partons
and the fixed hadronic energy s, it is straight forward to fulfill the condition in the PS
parameterization that sˆ has to be independent of x.
As already mentioned, the collinear divergences proportional to the splitting functions are
removed by the renormalization of the parton densities which leads to the contribution
dσcoll+ (x) in Eq. (5.7). After adding this collinear counter term, “renormalized” integrated
dipole functions are obtained from the functions above by the replacement
∆1(M






Eq. (5.27) is only valid within the MS scheme. When adopting other factorization schemes
additional finite terms have to be supplemented.
5.6 The Slicing Method
The slicing method is used for an independent check for the subprocess qq¯ → QQ¯H.
Therefore all formulae given in this section are restricted to this case.
In the slicing method the PS is divided into two parts: the IR region, PSsoft+col, and the
remaining one, PSrem. The former covers all parts of the PS where the matrix element
becomes singular, while in the latter the integrand is finite everywhere. Therefore the
integral over PSrem can be performed in four dimensions. In the IR region the factorization
properties of the matrix element admits to integrate out the one-particle PS of the gluon
within the D-dimensional PS.
In the two-cutoff variant of the slicing method, which is explained in the following, the IR
region is subdivided into the soft and the collinear region, denoted by PSsoft and PScoll,
respectively.
The soft region is defined by the condition that the energy p06 of the gluon in the partonic
CMS is smaller than a given cut ∆E which itself is much smaller than the masses involved
in the process:
0 < p06 < ∆E MH , mQ. (5.28)
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In this region the gluon radiation is described by an eikonal current (see e.g. Ref. [62,63]).
Similar to the endpoint contribution of the subtraction formalism the soft part receives
contributions which are structured by unordered pairs of partons. Each contribution is the
D-dimensional integral over the soft region,



















The integrals for the different combinations of partons read



























































































































The integral f34 can be obtained from Ref. [89]. The infinitesimal gluon mass mg used
there translates into DR via ln(m2g) → (4piµ2IR)εΓ(1+ ε)/ε. The integrals in Eq. (C20) and
Eq. (25) of Ref. [131] can be used for deriving faj(a = 1, 2; j = 3, 4). The remaining f12 is
easily calculated.
The collinear region is determined by the condition that the angle between the three-
momenta of the gluon and a massless parton is smaller than a given cut value. In addition
it is required that no overlap between the collinear and the soft region occurs,
p06 > ∆E, 0 < θ(pa,p6) < ∆θ  1 with a = 1, 2. (5.35)
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The gluon is the only massless parton in the final state. Hence the collinear part contains







































2 ln(1− x)1 + x
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This result can be obtained by calculating the x and v integrals in Section 5.5 of Ref. [63]
by using the ∆E and ∆θ cuts.
The integral is split into a convolution containing “+” distributions and a second part with
LO kinematics. The divergences of dσsoft and dσcoll,1 = dσLO(Va,1 +Vb,1) exactly cancel the
IR divergences of the virtual corrections. In addition, the divergence of Va,+ is removed








, as in the case of the subtraction scheme.
5.7 Leading Threshold Logarithms from Soft and Col-
linear Radiation
The leading threshold logarithms are the terms containing ln β with β defined in Eq. (4.40).
They are obtained in the simultaneous limit of reaching the threshold of QQ¯H production,
(p3 + p4 + p5)
2 → (2mQ + MH)2, and of soft gluon radiation, p06 → 0. These leading
contributions from the IR regime are connected to the IR divergences. The subtraction
function is constructed in such a way that all IR singularities are subtracted from the real
corrections. Hence the difference of the real corrections and the subtraction function cannot
contribute to the leading threshold logarithms. The sum of virtual corrections and endpoint
contribution neither contains any leading threshold logarithms, because all IR divergences
are canceled. Therefore, the only source of ln β terms is the readded subtraction function.
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The LO matrix elements for both partonic production channels, gg, qq¯ → QQ¯H, tend to
a constant at threshold, i.e. for β → 0. The PS integration near threshold gives rise to a
factor β4. Hence the LO partonic cross section near threshold behaves as
σLOthreshold ∼ β4




To extract the leading logarithms, the following integral for the four different V functions















































[−1− ln(µ20) + ln(1 + µ20)] (Ta ·Tji)⊗ ∣∣MLO∣∣2 +O(β4),
Iji,k = O(β4). (5.41)
After performing the colour algebra, the sum of all contributions can be written as
































, CggISR = +6. (5.43)
The colour algebra in the final-state radiation is more involved. The appearance of two
colour amplitudes for the gg channel in LO leads to a dependence of CggFSR on the ratio
mQ/MH , analogous to the corresponding colour factor of the Coloumb singularity,





(4m2Q −M2H)2 − 95M4H
(4m2Q −M2H)2 − 97M4H
. (5.44)
Chapter 6
Numerical Results for tt¯H
Production
6.1 The NLO Cross Section at the TEVATRON
Figure 6.1 shows the LO and NLO results of the total cross section for P P¯ → tt¯H + X
at the TEVATRON as a function of the Higgs mass. Both the renormalization and the
factorization scales are set to µ0 defined in Eq. (3.20), i.e. half the threshold energy. The
NLO cross section decreases from 8.5 fb for MH = 100 GeV to 0.3 fb for MH = 250 GeV.
Over the whole mass range the NLO prediction is smaller than the LO one.
In Fig. 6.2 the renormalization and factorization scale dependence of the cross section for
a fixed Higgs mass of 120 GeV is presented. The NLO result is remarkably stable against
variations of the scale µ between µ0/3 and 3µ0, in contrast to the LO prediction. For very
small values of µ the NLO cross section becomes negative because large corrections spoil
the convergence of perturbation theory.





the strong coupling constant and the parton densities have to be used at NLO for σNLO
and at LO for σLO. As can be seen in Fig. 6.1, the K factor is almost constant over the
considered Higgs-mass range. The large scale dependence of the LO cross section leads to
a similarly large scale dependence for K. The K factor rises from ∼ 0.8 at the central
scale, µ = µ0, to ∼ 1 at threshold, µ = 2µ0.
The small K factor can be understood qualitatively within the Effective Higgs–Approxima-
tion (EHA) [54]. The average partonic CM energy 〈√sˆ〉 for the dominant subprocess
qq¯ → tt¯H at the TEVATRON is around 650 GeV. Hence the assumption M 2H  m2t 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Figure 6.2: The scale dependence of the total cross section for P P¯ → tt¯H +X in LO and
NLO at the TEVATRON.
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∆θ ∆E/E LO Virt. Coll. Real Total
0.1 4.58± 0.01 −3.59± 0.02 3.07± 0.01 1.41± 0.00 5.48± 0.03
0.1 0.01 4.58± 0.01 −8.40± 0.05 3.07± 0.01 5.62± 0.01 4.88± 0.05
0.001 4.58± 0.01 −13.21± 0.08 3.07± 0.01 10.35± 0.01 4.79± 0.08
0.1 4.58± 0.01 −6.43± 0.04 5.18± 0.01 2.68± 0.03 6.01± 0.05
0.01 0.01 4.58± 0.01 −15.46± 0.09 5.18± 0.01 10.66± 0.12 4.96± 0.15
0.001 4.58± 0.01 −24.49± 0.14 5.18± 0.01 19.58± 0.19 4.84± 0.24
0.1 4.58± 0.01 −9.28± 0.05 7.29± 0.02 3.22± 0.10 5.82± 0.11
0.001 0.01 4.58± 0.01 −22.54± 0.13 7.29± 0.02 13.16± 0.57 2.49± 0.58
0.001 4.58± 0.01 −35.79± 0.21 7.29± 0.02 24.38± 1.82 0.45± 1.83
subtraction 4.58± 0.01 −1.76± 0.01 1.97± 0.00 0.07± 0.00 4.86± 0.01
Table 6.1: The cross section in fb for the process qq¯ → tt¯H at the TEVATRON as a
function of the cut parameters used by the PS slicing method. The total NLO result is
split into the LO contribution, the virtual corrections, the convolution stemming from the
collinear region, and the hard real corrections. For comparison the result obtained by the
subtraction method is also quoted. In the corresponding row the number in the column
“coll.” is the value for the readded subtraction function.
〈√sˆ〉2 needed for the approximation is fairly valid. Within the EHA the probability for
the hadronic process can be split into the probabilities for tt¯ production and subsequent
fragmentation t → t + H or t¯ → t¯ + H, respectively. Consequently the relative QCD
corrections δ[P P¯ → qq¯ → tt¯ ] ∼ −αs/(2pi) [131–134] and δ[t → t + H] = δ[t¯ → t¯ +
H] ∼ −4αs/pi for small energies of the Higgs boson add to δ[P P¯ → qq¯ → tt¯ → tt¯H] ∼
−9αs/(2pi). Since δ[P P¯ → qq¯ → tt¯ → tt¯H] is negative, the K factor is expected to be
below unity. The integration over the entire Higgs spectrum yields KEHA ∼ 0.7 [55] which
is qualitatively comparable with K ∼ 0.8 resulting from the full NLO QCD calculation.
As mentioned in Chapter 5, the PS slicing method has been worked out as an independent
check for the process qq¯ → QQ¯H. The numerical results are shown in Table 6.1. For
comparison, the cross section obtained by the subtraction method is also quoted. Within
each column the same integration statistics has been used for all rows. The total result
is split into the LO cross section, the virtual corrections, the convolution stemming from
the collinear region, and the hard real corrections. The virtual corrections include the
contributions from the soft region (see Eq. (5.29)) and the “endpoint” contribution of the
collinear region as given in Eq. (5.38). The results in the column “coll.” are obtained
from Eq. (5.37). In the case of the subtraction method the virtual corrections include the
complete endpoint contribution as given in Section 4.4. The result presented in the column
“coll.” is obtained from the convolution of the readded subtraction function as explained in
Section 5.5. The quoted value in the column “real” is the difference of the real corrections
and the subtraction function.
Both cut values for ∆θ and ∆E/E have been varied from 10−1 to 10−3. To obtain the cross
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section within the PS slicing method one has to search for a plateau in the dependence on
the cut values. Since in this work the slicing method only serves as a check this tedious
study has not been performed, but would be necessary without the use of the subtraction
method. In the region of ∆θ and ∆E/E between 10−1 and 10−2 the results agree with
each other within the statistical errors and particularly are compatible with the result
from the subtraction method. Nevertheless, the latter has a considerable smaller error
than the former, when the same number of points for the MC integration is used. As can
be seen in Table 6.1, within the PS slicing method large cancellations take place between
the virtual and the real corrections that are absent in the subtraction method. Hence, for
obtaining a result by slicing, that is competitive with the one obtained by subtraction,
large contributions have to be evaluated with smaller relative errors. This is only possible
with a higher amount of integration statistics. Since the subtraction method turns out
to provide a more reliable numerical result, no further attempts have been performed to
adopt the PS slicing method for the process gg → QQ¯H.
6.2 The NLO Cross Section at the LHC
The LO and NLO predictions for the process PP → tt¯H + X at the LHC are plotted
in Fig. 6.3 as a function of the Higgs mass. Again the central scales µ0 is chosen for the
renormalization and the factorization scales. The NLO cross section decreases from 1.1 pb
for MH = 100GeV to 80fb for a Higgs mass of 250GeV. Over the whole plotted range of the
Higgs mass the NLO prediction is larger than the LO one. In analogy to the TEVATRON,
the K factor is almost independent of the Higgs mass and amounts to ∼ 1.2 at the central
scale µ0.
At the LHC the average partonic energy is 〈√sˆ〉 ∼ 830 GeV. Since the relative QCD
corrections to the dominant tt¯ production channel gg → tt¯ are positive, δ[gg → tt¯ ] ∼
11αs/pi, and overcompensate the negative corrections to the fragmentation, δ[t → t +
H] ∼ −4αs/pi, the total relative QCD corrections, estimated in the EHA, are positive,
δ[PP → gg → tt¯→ tt¯H] ∼ 7αs/pi. The estimated K factor in Ref. [54] can be considered
to be qualitatively comparable with the full NLO result, if the different renormalization
and factorization scales are taken into account.
The variation of the LO and NLO cross section with the renormalization and the factor-
ization scales for a fixed Higgs mass of 120 GeV is shown in Fig. 6.4. The improvement
of the NLO calculation is as significant as for the TEVATRON. The scale dependence is
drastically reduced in NLO. The K factor increases from ∼ 1.2 at µ = µ0 to ∼ 1.4 at
threshold, µ = 2µ0.
The individual partonic contributions to the total cross section, depending on the scale,
are shown in Fig. 6.5. The gg channel contributes much more than the qq¯ channel over
the whole considered µ range. While the former has a maximum slightly below the central
scale, the latter rises with increasing µ. The qg/q¯g channel, which is absent at LO, is small
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Figure 6.3: The total cross section for PP → tt¯H +X in LO and NLO at the LHC.
and negative for µ above the central scale but increases strongly when going to smaller
values of µ. Note that the parton densities do not have a strict probabilistic interpretation
at NLO. Hence negative partonic contributions are not in contradiction with the parton
model. They are caused by absorbing contributions into the parton densities. Although
each contribution shows a relatively strong µ dependence, their total sum is remarkably
stable. This indicates that for a proper study of the scale dependence all partonic processes
have to be considered.
The shape of the curves in Fig. 6.5 can be understood better when separating the effects of
varying the renormalization and factorization scales. When fixing the renormalization scale
to half the threshold energy, the contribution of the gg and the qq¯ channel increase with
increasing factorization scale. In contrast, the contribution from qg/q¯g → tt¯H decrease
and become negative slightly above µ0. For a fixed factorization scale of µF = µ0, the
gg and the qq¯ channel show the typical renormalization scale dependence in NLO. They
peak at a scale roughly of the order of µ0, become negative for very small values of µR and
tend to zero for large values of µR. The qg/q¯g channels are LO processes and hence show
the typical strong LO renormalization scale dependence, i.e. their cross section decreases
strongly with increasing µR. When varying the renormalization and the factorization scale
at the same time, both effects enhance each other and result in the behaviour shown in
Fig. 6.5.
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Figure 6.4: The scale dependence of the total cross section for PP → tt¯H +X in LO and
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Figure 6.5: The scale dependence of the total cross section for PP → tt¯H +X in NLO at
the LHC for each channel separately.
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6.3 Distributions
Distributions are frequently used in data analysis. They help to localize the dominant con-
tribution to the background rates and to deduce the values of the cuts that are used in order
to suppress the number of background events and to increase the signal-to-background ra-
tio. Therefore they are of high interest. In hadron–hadron collisions the partonic Center-
of-Mass System (CMS) is in general boosted along the beam pipe with respect to the
hadronic CMS that coincides with the laboratory system. Hence boost-invariant quantities
are strongly preferred. The transverse momentum pT is a commonly used boost-invariant
quantity. In this section various distributions in the transverse momentum of different
particles for the processes P P¯/PP → tt¯H + X in LO as well as in NLO are presented.
Throughout this section the Higgs mass is chosen to be 120 GeV and the renormalization
and the factorization scales are set to µ0.
Technically there are two different possibilities to generate distributions in predictions.
First of all, one can reparametrize the PS in such a way that the variable of interest is
one of the n involved integration variables. By leaving this variable fixed, an integration
over (n− 1) dimensions is left. To obtain the differential cross section, one has to vary the
variable of interest and perform an (n−1) dimensional integration for each value. Another
method when using MC integration is to stick to the full n dimensional integration and to
fill a histogram. The numerical range of the variable of interest is divided into bins. For
each MC point, the variable of interest is calculated and the result of the matrix element is
added to the corresponding bin. The number of points used for the MC integration must
be large enough so that a sufficient number of events contributes to each bin in order to
get a reliable result. This procedure is more flexible and can be used even in cases in which
the other procedure is not applicable, e.g., for distributions in the transverse momentum
of jets defined by jet algorithms. Another advantage is that many distributions can be
produced with one integration. Hence this latter method was implemented in the C++
program. The bin width for the transverse momentum is chosen to 1GeV. The LO results
are smooth enough to be represented by a line. In contrast, the NLO predictions have
much larger statistical fluctuations and several bins had to be combined.
The left side of Fig. 6.6 shows the differential cross section with respect to the transverse
momentum of the Higgs particle at the TEVATRON. The dashed line is the LO result
and the NLO prediction is represented by the histogram. For small values of pT the NLO
result lies slightly below the LO one. The difference becomes more sizable for higher values
of pT . This can be seen better on the right side of Fig. 6.6 where the ratio of the NLO
distribution over the LO one is plotted. The decrease of the ratio for higher values of pT
is visible.
A first approximation for NLO distributions is to rescale the LO distribution with the
K factor obtained from the total cross section. The validity of this approximation can
be read off from the right side of Fig. 6.6. The dashed horizontal line is drawn at the
value of the K factor of 0.83. While for low pT the approximation is in good shape, it
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overestimates the differential cross section for pT > 200 GeV. Since for such values of
the transverse momentum the cross section is rather small, the experimental analysis is
supposed not to be affected.
The heavy quark and the heavy anti-quark in the final state can only be distinguished
experimentally in special decay channels. Hence the differential cross section with respect
to the transverse momentum of one of them is very hard to measure. Instead the two
transverse momenta are combined somehow. The left side of Fig. 6.7 shows the distribution
with respect to the smaller of the two pT at the TEVATRON. Again, the LO prediction is
represented by the dashed line and the NLO one by the histogram. The ratio of the two
is plotted on the right side of Fig. 6.7. For pT . 150 GeV the approximation of rescaling
the LO distribution with the K factor is applicable. Above this value it overestimates the
full NLO result. Consequences for the experimental analysis are not expected because the
cross section for pT & 150 GeV is small.
Figure 6.8 shows the distribution when the larger of the two pT is chosen. It peaks at a
higher pT value than the previous distribution. Nevertheless, the statements about the ap-
proximation apply here, too. The LO distribution times the K factor starts overestimating
the full NLO result for pT > 200GeV. Again, the cross section drops rapidly in this region
and hence the rescaling approximation is considered to work for an experimental analysis.
The distribution in the transverse momentum of the Higgs particle at the LHC is shown
on the left side of Fig. 6.9. The NLO results for the distribution are larger than the
LO predictions, in agreement with the increase of the total cross section by the NLO
corrections. Due to the higher beam energy at the LHC, higher values of pT than at the
TEVATRON are reached. The ratio of the NLO over the LO distribution is plotted on the
right side of Fig. 6.9. At the LHC the K factor is 1.20 for MH = 120 GeV and both scales
set to the central scale µ0. This is indicated by the dashed horizontal line. The ratio of
the two distributions agrees with the K factor up to pT ≈ 450 GeV. Above this value the
full NLO result lies below the approximation. However, the cross section in this region is
almost two orders of magnitude smaller than in the peak. Therefore, multiplying the LO
distribution with the K factor should work as a good approximation for an experimental
analysis.
The left side of Fig. 6.10 shows the distribution with respect to the smaller of the two pT
of the top quarks. The NLO predictions lie above the LO result for low values of pT and
below for pT & 350 GeV. This is remarkable since the K factor is larger than one. As can
be seen on the right side of Fig. 6.10, the approximation of rescaling the LO distribution
with the K factor underestimates the full NLO result in the peak and overestimates it
drastically in the tail. Hence, for exploiting this distribution in an experimental analysis
the rescaling approximation is inappropriate and the full NLO prediction should be used.
The distribution with respect to the larger of the two pT is plotted in Fig. 6.11. The ratio
of the NLO over the LO distribution is larger than the K factor for very small values of
pT , agrees well with it up to 350 GeV, and is smaller than the K factor for pT & 350 GeV.
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Figure 6.6: Left: The pT distribution of the Higgs boson in the process P P¯ → tt¯H +X at
the TEVATRON. Right: The ratio of the NLO and the LO pT distribution of the Higgs
boson in the process P P¯ → tt¯H + X at the TEVATRON. The dashed horizontal line is
the K factor of 0.83 for MH = 120 GeV and the renormalization and factorization scales
set to µ0.
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Figure 6.7: Left: The distribution with respect to the smaller pT value of the two top
quarks in the process P P¯ → tt¯H + X at the TEVATRON. Right: The ratio of the NLO
and the LO pT distribution with respect to the smaller pT value of the two top quarks in
the process P P¯ → tt¯H+X at the TEVATRON. The dashed horizontal line is the K factor
of 0.83 for MH = 120 GeV and the renormalization and factorization scales set to µ0.
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Figure 6.8: Left: The distribution with respect to the larger pT value of the two top quarks
in the process P P¯ → tt¯H +X at the TEVATRON. Right: The ratio of the NLO and the
LO pT distribution with respect to the larger pT value of the two top quarks in the process
PP¯ → tt¯H +X at the TEVATRON. The dashed horizontal line is the K factor of 0.83 for
MH = 120 GeV and the renormalization and factorization scales set to µ0.
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Figure 6.9: Left: The pT distribution of the Higgs boson in the process PP → tt¯H + X
at the LHC. Right: The ratio of the NLO and the LO pT distribution of the Higgs boson
in the process PP → tt¯H +X at the LHC. The dashed horizontal line is the K factor of
1.20 for MH = 120 GeV and the renormalization and factorization scales set to µ0.
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Figure 6.10: Left: The distribution with respect to the smaller pT value of the two top
quarks in the process PP → tt¯H + X at the LHC. Right: The ratio of the NLO and
the LO pT distribution with respect to the smaller pT value of the two top quarks in the
process PP → tt¯H +X at the LHC. The dashed horizontal line is the K factor of 1.20 for
MH = 120 GeV and the renormalization and factorization scales set to µ0.
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Figure 6.11: Left: The distribution with respect to the larger pT value of the two top
quarks in the process PP → tt¯H + X at the LHC. Right: The ratio of the NLO and
the LO pT distribution with respect to the larger pT value of the two top quarks in the
process PP → tt¯H +X at the LHC. The dashed horizontal line is the K factor of 1.20 for
MH = 120 GeV and the renormalization and factorization scales set to µ0.
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Since the cross section in the last region is still sizeable, it depends on the quality of the
measurement whether the full NLO result must be used or the rescaling approximation is
sufficient.
6.4 Leading Threshold Corrections
In Sections 4.6 and 5.7 the Coulomb singularity and the leading threshold logarithms
have been extracted. In this section the numerical results for these leading threshold
corrections are presented. The left side of Fig. 6.12 shows the relative deviation of the
Leading Threshold Approximation (LTA) from the full NLO result at the TEVATRON as
a function of the Higgs mass. The renormalization and factorization scales are chosen as
the central scale µ0. The channels qq¯ → tt¯H (solid line) and gg → tt¯H (dashed line) are
plotted separately. The error bars indicate the statistical errors from the MC integration.
In the qq¯ channel the LTA overestimates the full NLO result by about 10% over the whole
plotted Higgs-mass range. In contrast, the LTA underestimates the full NLO prediction in
the gg channel. This difference is roughly 5% for low values of the Higgs mass and rises
strongly with increasing MH . The quality of the LTA is similarly low at the LHC, as can
be seen on the right side of Fig. 6.12. The cross section for the qq¯ channel is overestimated
by 20% − 30%. For the gg channel the prediction of the LTA lies slightly above the full
NLO result for light Higgs masses and below for MH > 150 GeV. The discrepancy grows
strongly with increasing Higgs mass.
The leading threshold corrections are, therefore, not a good approximation for the full
NLO calculation. This is not due to a “wrong” choice of the renormalization and factor-
ization scales. The scale dependence of the LTA for a fixed Higgs mass of 120 GeV at
the TEVATRON and at the LHC is plotted in Fig. 6.13. One can observe that the LTA
has a much stronger scale dependence than the full NLO result. This reflects the fact
that within in LTA the dependence on the renormalization scale is not reduced at all with
respect to the LO approximation. This can be seen from the formulae in Section 4.6 and
5.7. Only the factorization scale appears in Eq. (5.42). Hence the LTA is less dependent
on the factorization scale than the LO cross section. Nevertheless, there is no preferred
scale, at which the LTA works sufficiently well for both production channels.
The failure of the leading threshold corrections to describe the full NLO result is caused by
the relatively high average partonic CM energy. For MH = 120 GeV the average partonic
CM energy 〈√sˆ〉 is ∼ 650 GeV at the TEVATRON and ∼ 830 GeV at the LHC and hence
lies sufficiently above the threshold. Even for the largest considered Higgs mass of 280GeV
the partonic CM energy is not close enough to the threshold to see the leading threshold
effects.
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Figure 6.12: The relative deviation of the leading threshold corrections from the full NLO
result for P P¯/PP → tt¯H + X at the TEVATRON (left) and the LHC (right) for the
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Figure 6.13: The renormalization and the factorization scale dependence of the relative
deviation of the leading threshold corrections from the full NLO result for P P¯/PP →
tt¯H +X for a Higgs mass of 120 GeV at the TEVATRON (left) and the LHC (right) for
the different partonic cross sections. The error bars are the statistical errors from the MC
integration.
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Chapter 7
Outlook to bb¯H Production
7.1 Discussion of Large Logarithmic Corrections
The starting point [135, 136] is the process gg → QQ¯H for a heavy quark that is much
lighter than the Higgs boson, as in the case of the bottom quark. In the diagrams with t-
channel exchange (s. Fig. 3.1) at least one gluon splits into a pair of heavy quarks with one
of them on-shell. When this pair is nearly collinear, the propagator of the internal heavy
quark is nearly on-shell and enhances the amplitude. The integration over the PS of the
external quarks yields a factor ln(q2/m2Q) where the typical scale q
2 is of the order of the
Higgs mass, q2 ∼M2H . Hence for this process the splitting of a gluon into a heavy quark pair
introduces a contribution of order αs ln(q
2/m2Q). Since the large logarithm enhances the
expansion parameter of perturbation theory, the convergence of the expansion is degraded.
It can be improved by summing these collinear logarithms to all orders in perturbation
theory [137, 138]. This can be done by introducing a heavy-quark distribution function




Q). The physical picture is that the hard
process is affected by the splitting only through the reduced energy, but does not “feel”
the second heavy quark stemming from the splitting. This leads to the factorization of the
splitting from the rest of the process. Whether these logarithms dominate the cross section
or not, depends on the energy of the collider. They do not at the TEVATRON [139], but
it is yet not clear if the energy at the LHC is high enough for observing such a dominance.
The introduction of a heavy-quark distribution function changes the way perturbation
theory is ordered. Due to the appearance of Q(x, µF ) the leading order process is heavy-
quark fusion into Higgs, QQ¯ → H (s. Fig. 7.1(i)). The heavy-quark distribution function
appears twice and hence this process is of order α2s ln
2(µ2F/m
2
Q). Consider now the pro-
cesses gQ → QH and gQ¯ → Q¯H (s. Fig. 7.1(ii)), which belong to the real corrections to
QQ¯ → H. Parts of the collinear logarithms obtained from these corrections have already
been resummed in the heavy-quark distribution function. This leads to a potential double
counting which can be avoided by applying the procedure proposed in Ref. [136]. After
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Figure 7.1: The LO processes for the different numbers of heavy quarks in the final state
after introducing a heavy-quark distribution function. Note that for (ii) and (iii) additional
diagrams not shown here exist.
the subtraction of the contributions resummed in the heavy-quark distribution function




Q) and hence a correction of order
1/ ln(µ2F/m
2
Q) to heavy-quark fusion into Higgs. However, if a tagged heavy quark, be-
sides the Higgs boson, is required heavy-quark fusion into Higgs cannot contribute to the
corresponding cross section. The LO processes in this case are rather gQ → QH and
gQ¯→ Q¯H.
Now consider the process gg → QQ¯H (s. Fig. 7.1(iii)). In analogy to the previous dis-
cussion it provides corrections of the order 1/ ln(µ2F/m
2
Q) to the processes depicted in
Fig. 7.1(ii) and corrections of order 1/ ln2(µ2F/m
2
Q) to heavy-quark fusion into Higgs. In the
case of two tagged heavy quarks in the final state it is the LO process besides qq¯ → QQ¯H.
Experimentally a tagged quark requires a finite transverse momentum larger than pT,min.
If each heavy quark is requested to have a transverse momentum above this cut value,
the complications caused by the large logarithms ln(q2/p2T,min) does not appear. The LO
processes are gg, qq¯→ QQ¯H. Hence the calculation of the cross section for these processes
including NLO QCD corrections can directly be applied to bb¯H production after introduc-
ing a cut on the transverse momentum of the heavy quarks in the final state. This is done
in the rest of this chapter. For each bottom quark a transverse momentum larger than
20 GeV is required. The mass of the bottom quark is set to 4.5 GeV. No running bottom
mass is introduced and hence the running is described by the O(αs) radiative corrections.
7.2 bb¯H Production at the TEVATRON
Figure 7.2 shows the LO and the NLO prediction for the cross section as a function of the
Higgs mass for bb¯H production at the TEVATRON with a required minimal pT of 20 GeV
for each b quark. The error bars are the statistical errors from the MC integration. The
NLO cross section decreases from 0.4 fb for MH = 100 GeV to 0.01 fb for MH = 250 GeV.
For low values of MH the NLO corrections decrease the cross section, while they lead to
an increase for higher Higgs masses.
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As can be seen in Fig. 7.3, the reduction of the scale dependence due to the inclusion of the
NLO corrections is similarly striking for bb¯H production as for tt¯H production. While the
LO prediction varies at least within a factor of two, the fluctuation of the NLO prediction
changes only within 25% for a scale variation between µ0/2 and 2µ0. Since the central scale
µ0 is already quite low, the factorization and renormalization scale is only varied between
µ0/4 and 4µ0 in order to avoid unphysically small scales. Already at the lower end of the
plotted µ range, perturbation theory is spoiled by large corrections, as can be seen by the
negative cross section.
The cross section for the process P P¯ → bb¯H +X is rather small in the SM. As mentioned
in the introduction, this process is of more interest in supersymmetric models. For the
MSSM an approximation of the cross sections for bb¯φ production, where φ denotes one of
the two CP-even Higgs particles h and H, can be obtained from the results presented here









where gbb¯φ is the coupling of the bb¯φ vertex in the corresponding model. The strict validity
of the relation is disturbed by the appearance of closed top-quark loops radiating a Higgs
(s. Fig. 4.1(ii)), since the ratio of the tt¯φ and the bb¯φ coupling is different in the SM and
the MSSM. These loops interfere destructively with the LO diagrams. The reduction is
roughly one per cent at the TEVATRON and hence small enough to be neglected.
In the parameter region of the MSSM where tanβ is large the tree-level relation between
the Yukawa coupling of the bottom quark and its mass can receive large radiative correc-
tions [47]. As a consequence, the corrections to bb¯H production are also large. This may
cause problems for the reliability of the perturbative description of the process.
7.3 bb¯H Production at the LHC
The cross section for PP → bb¯H + X at the LHC is plotted in Fig. 7.4. Again, for each
b quark a pT larger than 20 GeV is required. The cross section decreases from 60 fb for a
Higgs mass of 100 GeV to 6 fb for MH = 250 GeV. Over the whole plotted mass range the
NLO prediction is smaller than the LO one.
To obtain the cross section within the MSSM, the SM prediction can be rescaled as done
in Eq. (7.1). However, the impact of the closed top-quark loops radiating a Higgs boson is
larger at the LHC than at the TEVATRON. For MH = 120 GeV, both scales set to half
the threshold energy, and pT > 20GeV required for each bottom quark, these loops reduce
the cross section by ∼ 5 fb to ∼ 40 fb. When tan β is large, the bb¯H coupling is enhanced
and the tt¯H coupling is reduced. Hence the impact of the closed top-quark loops radiating
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Figure 7.2: The total cross section for P P¯ → bb¯H+X in LO and NLO at the TEVATRON
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Figure 7.3: The scale dependence of the total cross section for P P¯ → bb¯H +X in LO and
NLO at the TEVATRON requiring a pT > 20 GeV for each quark. The error bars are the
statistical errors from the MC integration.
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a Higgs boson decreases in the MSSM. As a consequence, the approximation in Eq. (7.1)
tends to underestimate the cross section for the MSSM.
The NLO QCD corrections stabilize the prediction with respect to the renormalization and
factorization scales compared to the LO approximation (see Fig. 7.5). While the LO cross
section drops from 80 fb to 45 fb for µ between µ0/2 and 2µ0, the NLO prediction varies
within 15% in the same µ range.
The presented predictions for the cross section of bb¯H production at the LHC are plagued
by relatively large errors of order 10% coming from the MC integration. Although the
integration statistics has been increased by a factor between 5 and 25 compared to tt¯H
production, the relative errors are one order of magnitude larger. This is caused by the
appearance of two widely separated scales, the b mass and the Higgs mass. The MC inte-
gration routine used in the C++ code is an implementation of the VEGAS [140] algorithm.
It is an adaptive algorithm which tries to optimize the grid for generating random points
with respect to the integrand. However, this optimization can only be performed in each
dimension separately. Hence, if a sharp rise like a pT cut is not parameterized by one inte-
gration variable, VEGAS is not able to cope with this case properly. Even when neglecting
the limited computer time, a sole increase of the number of points does not necessarily
reduce the errors as much as wanted. The adaptiveness of the algorithm can turn into a
disadvantage, since the integrand is too complex for VEGAS and it optimizes the grid in
an inappropriate way.
The highest statistics, used here for bb¯H production, requires a computer time of roughly
two days on a 1 GHz processor for calculating the cross section for one parameter set-
up. Hence, no further increase of the number of points is considered. One possible way
to improve the efficiency of the implemented MC integration is to optimize the PS pa-
rameterization in such a way that the peaks of the integrand depend only on one of the
integration dimensions. Since there are much more peaks than integration dimensions,
this optimization procedure is limited. A considerable improvement can be obtained by
implementing a multi-channel Monte Carlo method [141–144]. This method employs sev-
eral PS parameterizations simultaneously. Hence it is able to smoothen more peaks than
VEGAS. It can be further improved by using an adaptive optimization method concerning
the contribution of the different channels.
If one wants to compare the result of the full 2 → 3 process with the result obtained by
resuming the potentially large logarithms into a heavy-quark distribution function, it is not
possible to require two tagged b quarks. Hence the pT cut has to be dropped for at least
one of the two heavy quarks. However, weakening the pT cuts for the b quarks increases
the requirements on the numerical stability of the MC integration strongly. Hence, before
employing the NLO cross section for P P¯/PP → QQ¯H for this special case, the numerical
problems described above have to be solved.
Another improvement of the calculation is provided by the introduction of a running bot-
tom mass mb(µ). As a consequence, the LO prediction is strongly reduced by the factor
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Figure 7.4: The total cross section for PP → bb¯H + X in LO and NLO at the LHC
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Figure 7.5: The scale dependence of the total cross section for PP → bb¯H +X in LO and
NLO at the LHC requiring a pT > 20GeV for each quark. The error bars are the statistical
errors from the MC integration.
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(mb(µ)/mb)
2 ∼ 1/2. Large negative corrections are caused by the mass renormalization
when using the pole mass. By employing the running mass these large corrections are
absorbed into the LO cross section. Hence the K factor is expected to be closer to one.
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Chapter 8
Summary and Conclusions
Higgs radiation off heavy quarks is a very important process for Higgs physics. First of
all, for light Higgs masses it can probably increase the Higgs discovery potential at the
TEVATRON and represents a substantial contribution of the Higgs signal at the LHC.
All available data from experiments are hinting to a light Higgs. For MH . 120 GeV
tt¯H production provides a major contribution to the 5σ discovery contour at the LHC.
Secondly, this process permits a first direct measurement of the top Yukawa coupling
presumed that the branching ratio of the Higgs boson decay into bb¯ is known. Through the
Higgs–Kibble mechanism this coupling is related to the top-quark mass and the vacuum
expectation value which are already known. Therefore the determination of the Yukawa
coupling provides an experimental test of the Higgs sector of the SM and hence an access
to the generation of fermion masses.
In supersymmetric theories bb¯H production is of high interest. The bb¯H coupling is strongly
enhanced in scenarios with large tan β which leads to an enhancement of the cross section.
In this parameter region this process is a promising discovery channel at the TEVATRON
and the LHC. It may also allow a second independent determination of the bottom Yukawa
coupling, in addition to the measurement of the branching ratio of the decay channel
H → bb¯.
However, despite its experimental importance the status of the theoretical prediction was
not satisfactory for a long time. The LO approximation of the cross section for P P¯/PP →
tt¯H+X has a very large scale dependence. Hence the cross section was only known within
a factor of two. This thesis contributes to fill the gap in the solid prediction of the cross
section which is necessary for the experimental analysis. It presents the full NLO QCD
corrections to Higgs radiation off heavy quarks in hadron–hadron collisions.
The calculation of the radiative QCD corrections for this process is quite involved. The
appearance of IR-divergent five-point functions and the complex structure of the soft and
collinear divergences in the virtual and the real corrections are the main challenges. For
extracting the IR divergences of the real corrections and matching them with the ones
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coming from the virtual corrections, a new version of the dipole subtraction formalism has
been employed.
The most important result is the enormous reduction of the scale dependence of the cross
section after including the NLO QCD corrections. At the TEVATRON, the uncertainty
due to the scale dependence is reduced from a factor of three to 30%. The reduction is
similarly striking for the LHC, namely from a factor 2.5 to 25%. Therefore the remaining
theoretical uncertainty is roughly of order 10% to 15% as indicated by the scale uncertainty.
The NLO QCD corrections reduce the cross section slightly at the TEVATRON with a
K factor of ∼ 0.8 for the renormalization and factorization scales set to half the threshold
energy. In contrast, at the LHC they slightly increase the cross section with a K factor
of ∼ 1.2 for the same renormalization and factorization scales. The K factors at the
TEVATRON and the LHC are almost independent of the Higgs mass.
For an experimental analysis distributions in boost-invariant variables are very important.
Several differential cross sections with respect to the transverse momentum of different
particles have been presented in this thesis. The approximation of rescaling the LO distri-
bution with the corresponding K factor obtained from the total cross section sufficiently
describes the NLO distribution in most cases. Nevertheless, for some differential cross
sections at the LHC the full NLO prediction is inevitable.
The leading threshold corrections from the Coulomb singularity and the soft and collinear
radiation have been worked out. It turned out that they are not able to describe the
full NLO prediction of the total cross section properly. Hence they cannot be used as an
approximation for a faster numerical evaluation.
The calculation of the cross section for P P¯/PP → bb¯H +X is more involved than for top
quarks due to the large mass difference between the Higgs and the bottom quark. Large
logarithms may spoil the convergence of perturbation theory. This difficulty is absent when
requiring a transverse momentum larger than a given cut value for each b quark. A first
outlook on the results has been given in this thesis.
As in the case of tt¯H production the scale dependence is strongly reduced by including the
NLO QCD corrections. At the TEVATRON the NLO prediction lies roughly 30% below
the LO for MH = 100 GeV and roughly 10% above for MH = 250 GeV. At the LHC the
NLO QCD corrections reduce the cross section by roughly 40% for MH = 100 GeV and by
roughly 20% for MH = 250 GeV.
Although the Monte Carlo integration in the case of bb¯H production is faced with numerical
problems the results presented here are already very promising. For the stabilization of the
Monte Carlo integration a full NLO Monte Carlo generator is needed but this is beyond the
scope of this thesis. For the extension to the MSSM the inclusion of the supersymmetric
modifications in the QQ¯H vertex is necessary. Nevertheless, a first approximation of the
cross section in the MSSM can be obtained by rescaling the SM prediction by the ratio of
the couplings in both theories.
Appendix A
The Standard Matrix Elements
A.1 The qq¯ Channel
For the SME the following chains of Dirac matrices are needed:
Γqq¯,µ1µ2··· = v¯(p2) γ
µ1γµ2 · · · u(p1),
ΓQQ¯µ1µ2··· = u¯(p3) γµ1γµ2 · · · v(p4),
ΓQQ¯1 = u¯(p3) v(p4). (A.1)
In addition, the short-handed notation Γp = Γµ p
µ for contractions with a vector is used.
Below all needed SMEs for the qq¯ channel are listed. The four SMEs sufficient for describing
the tree-level amplitude are already given in Section 3.2. The labeling is taken from the
FORM programs for calculating the formfactors, and is the same used in the C++ code




































































The LO formfactors are given in Section 3.2. At NLO two colour structures occur for the
qq¯ channel while at LO only Cqq¯1 contributes. Note that they are chosen to be orthogonal.
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Therefore even at NLO all Fi,2 drop out in the final result.
Cqq¯1 = i tcc4c3 tcc2c1 ,
Cqq¯2 = i δc4c3 δc2c1 . (A.3)
A.2 The gg Channel
Despite the definitions in Eq. (A.1), the following abbreviations for scalar products will be
used:
Gij = i · j,
Gik = i · pk,
Gik,jl = Gik Gjl, (A.4)
with i, j = 1, 2 and k, l = 3, 4.
The number of SMEs needed for the gg channel is much larger than for the qq¯ channel.
At tree level the twelve SMEs Mgg1 , Mgg2 , Mgg3 , Mgg4 , Mgg5 , Mgg20, Mgg25, Mgg26, Mgg33, Mgg34,
Mgg37, and Mgg40 contribute.
Mgg1,2,3,4,5 = ΓQQ¯1 {G13,23,G13,24,G14,23,G14,24,G12} ,
Mgg6,7,8,9,10 = ΓQQ¯p1 {G13,23,G13,24,G14,23,G14,24,G12} ,
Mgg11,12,13,14,15 = ΓQQ¯p2 {G13,23,G13,24,G14,23,G14,24,G12} ,
Mgg16,17,18,19,20 = ΓQQ¯p1p2 {G13,23,G13,24,G14,23,G14,24,G12} ,
Mgg21,22 = ΓQQ¯1 {G23,G24} ,
Mgg23,24 = ΓQQ¯2 {G13,G14} ,
Mgg25,26 = ΓQQ¯1p1 {G23,G24} ,
Mgg27,28 = ΓQQ¯1p2 {G23,G24} ,
Mgg29,30 = ΓQQ¯1p1p2 {G23,G24} ,
Mgg31,32 = ΓQQ¯2p1 {G13,G14} ,
Mgg33,34 = ΓQQ¯2p2 {G13,G14} ,











The colour structures are discussed in Section 3.2. The LO formfactors are listed below,
ordered by the colour structures which are related to the t, u, and s channel exchange in
the diagrams.
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F gg1,1 = −
16
(s45 −m2Q)(t13 −m2Q)
, F gg33,1 = −1
2
(
F gg1,1 − F gg2,1
)
,
F gg2,1 = +
16
(t13 −m2Q)(t24 −m2Q)




F gg4,1 = −
16
(s35 −m2Q)(t24 −m2Q)















F gg1,1 − F gg2,1 + F gg4,1
)
,




F gg2,1 − F gg4,1
)
,
F gg1,2 = −
16
(s45 −m2Q)(t23 −m2Q)




F gg3,2 = +
16
(t14 −m2Q)(t23 −m2Q)
, F gg33,2 = −1
2
F gg1,2,
F gg4,2 = −
16
(s35 −m2Q)(t14 −m2Q)
, F gg34,2 = −1
2
(
F gg3,2 − F gg4,2
)
,
F gg5,2 = − sˆ
2
(
F gg1,2 − F gg3,2 + F gg4,2
)










F gg1,2 − F gg3,2 + F gg4,2
)








F gg1,2 − F gg3,2
)
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Appendix B
The LSZ Factors
The LSZ formula describes the relation between the S-matrix elements and the truncated
(n+m)-point Greens function G˜
(n+m)
0,tr in momentum space:








1, . . . , k
′
m, k1, . . . , kn). (B.1)
The untruncated Greens function in coordinate space are given by
G
(n)
0 (x1, . . . , xn) = 〈0 T [Φ0(x1) · · ·Φ0(xn)] 0〉 , (B.2)





Renormalizing the fields via Φ0 =
√
ZΦ ΦR yields the renormalized Greens function
G
(n)
R (x1, . . . , xn) = (ZΦ)
−n
2 〈0 T [Φ0(x1) · · ·Φ0(xn)] 0〉 . (B.4)
Inserting this into the LSZ formula leads to









1, . . . , k
′
m, k1, . . . , kn) (B.5)
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In this work only stable particles are considered. In this case the pole of G˜
(2)
R is the on-shell
mass:
mQ,on = mQ −mQ
(






Using this relation the calculation of the residue yields









+ higher terms. (B.9)
In the on-shell scheme this simplifies to
Zon−shellQ = 1, (B.10)
while in the MS scheme for a massless quark it results in
ZMSq = 1− ΣPQ(0)− δZq
= 1− αs
4pi
CFB0(0; 0, 0)− δZq. (B.11)
The renormalized untruncated two-point Greens function for the gluon at the one-loop
level is given by
G˜
(2),ab












with the renormalized gluon self-energy ΠˆT = ΠT + δZG. The residue is given by
Resp2→mg,on=0G˜
(2),ab
R,µν = −i δab gµν
1
1 + ΠˆT (0)
(B.13)
from which the factor ZT can be derived:
ZG = 1
1 + ΠˆT (0)
= 1− ΠˆT (0) +O(α2s) = 1− ΠT (0)− δZG +O(α2s). (B.14)
In the used version of the MS scheme δZG receives contributions from gluon/ghosts and







































































with the abbreviations s = (p1 + p2)
2, t1 = (p2 + p3)
2, s1 = (p3 + p4)
2, s2 = (p4 + p5)
2, and
t2 = (p5 + p1)
2. The pi denote the external momenta (see Fig. C.1). The denominators of
the n-point functions are given by
di = (k + ki)
2 −m2i + 0i, i = 1, . . . , n− 1, (C.2)
where 0i indicates an infinitesimal positive imaginary part, and the momenta ki are related





k0 = kn =
n∑
l=1
pl = 0. (C.4)
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Figure C.1: The assignments of internal and external momenta of the integrals.
The following notations will be used below:
Cε(m














with q2 = s, s1, s2, t1, t2 and D = 4 − 2ε. The only scalar integral containing both UV
and IR divergences is B0(0; 0, 0):
B0(0; 0, 0) = (4pi)

















Since all integrals listed below are only IR divergent the subscript IR of εIR is dropped
from now on. For the renormalization constant of the heavy quark field the IR-divergent
derivative of the two-point function is needed,
B′0(m









The dilogarithm Li2(z) is defined in the usual way. For the analytical continuation the
following specific combinations of logarithms and dilogarithms will be needed:





Li2(x, y, z) = Li2(1− xyz) + log(1− xyz)
[
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C.2 The Divergent Scalar Three- and Four-Point In-
tegrals
Below all needed IR-divergent three- and four-point integrals are listed [56]. They have
been calculated in two independent ways using the Feynman-parameter method as well as




Q, s;mQ, 0, mQ) and
D0(0, m
2
Q, s1, s2, s, t1; 0, 0, mQ, mQ) can be taken from Ref. [145]. The results there were
obtained by employing a mass regulator λ and can be translated into the results given
here by the substitution ln(λ2/q2) → Cε(q2)/ε. The convergent integrals can be found in
Ref. [146, 147].


























































































D0(0, 0, s1, m
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Li2(xs, x ρs1 , xσs2)− Li2(x2s)




− log2(xs1)− log2(xs2) + ζ(2)
]
. (C.16)
C.3 The Singularity Structure
As mentioned in Section 4.3, the soft and collinear divergence structure of the four-point
integrals given above can be represented in terms of three-point integrals:
D
(D,mass)
0,sing (0, 0, s1, m
2



















Q, t1; 0, 0, mQ),
























































Q, s;mQ, 0, mQ).
(C.17)
To obtain the coefficients in front of the soft and collinear divergent three-point functions
one has to consider the appropriate soft and collinear limit, respectively. For instance,




Q, s1, s2, s, t1; 0, 0, mQ, mQ) is reached when the loop
momentum k becomes collinear with p1, k ∼ xp1. The four denominator simplify to
d0 = k
2 − λ2 ∼ 0,
d1 = (k + p1)
2 − λ2 ∼ 0,
d2 = (k + p1 + p2)
2 −m2Q ∼ 2(1 + x)(p1 · p2) = (1 + x)(s−m2Q),
d3 = (k − p4)2 −m2Q ∼ s2 −m2Q − 2x(p1 · p4) = s2 −m2Q − x(t1 −m2Q).















leads to the final decomposition given in Eq. (C.17).
In the presence of more than one collinear limit, all limits have to be considered separately,
and care has to be taken that the soft divergences are not double-counted [see e.g. the
divergence structure of D
(D,mass)
0 (0, 0, s1, m
2
Q, s, t1; 0, 0, 0, mQ)]. With the same techniques
the decomposition of the singular structure of the five-point functions can be obtained.
For this purpose in most cases a product of three denominators has to be split by partial
fractioning. Again one has to avoid double-counting of soft divergences. For a more detailed
description see Ref. [56].
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E
(D,mass)


























Q, t2; 0, 0, mQ)−
(t2 − s1)2
s s1Q t1Q t2Q
C
(D,mass)
0 (0, s1, t2; 0, 0, mQ)
− (t1 − s2)
2
s s2Q t1Q t2Q
C
(D,mass)























Q, t2; 0, 0, mQ)
− (t1 − s2)
2
sQ s2Q t1Q t2Q
C
(D,mass)







H , 0, m
2



























Q, t2;mQ, 0, mQ). (C.18)
Appendix D
Details of the Subtraction Formalism
D.1 The Colour Operators
The definition of the colour operators is adopted from Ref. [61, 63]. The colour operator
Ti = {T ni } is a vector with respect to the colour index n of the emitted gluon and an
SU(Nc) matrix with respect to the colour indices of the parton i. For final-state partons




αβ if i is a quark, and
T nαβ = −taβα if i is an antiquark. The case of initial-state partons is obtained by crossing:
T nαβ = −taβα if i is a quark, and T nαβ = taαβ if i is an antiquark. The square of the colour
operators are the Casimir operators, T2q = CF for a quark and T
2
g = CA for a gluon.
D.2 Final-State Emitter and Final-State Spectator
The formulae in this and the next two sections are taken from Ref. [61] and have been
adapted to the case of QQ¯H production.
In this section the case of the splitting j˜i→ j + i with finial-state emitter j together with
a final-state spectator k is considered. Since there is only one massless particle in the final
state, the index i labeling this massless parton is fixed to i = 6 everywhere.
The following auxiliary quantities are defined:
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yji,k =
pipj
pipj + pipk + pjpk
. (D.5)
The mapping of the (m+ 1)-particle kinematics onto the m-particle one is given by
p˜µji = Q



















where l denotes all other particles than i, j, and k, coloured or non-coloured. The momenta















The following relative velocities vk,q =
√










The only needed case of Vji,k for QQ¯H production is the splitting Qji → Qj + gi and
Q¯ji → Q¯j + gi:
VQjgi,k = VQ¯jgi,k = 8piαs
{
2









The integral for the endpoint in Eq. (4.32) is split into a general part Ieik and a splitting
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, y+ = 1− 2µQ 1− µQ
1− 2µ2Q
. (D.10)
Since the mapping pl → p˜l simplifies for the endpoint contribution to pi = 0 and p˜l = pl








as already stated in Eq. (4.35).
D.3 Final-State Emitter and Initial-State Spectator
In this section the same splitting as in the previous one is considered but together with an
initial-state spectator a. The following auxiliary quantities are defined:
Qµ = pµi + p
µ

















The mapping pl → p˜l is given by:











where l denotes all other particles than a, i, and j, coloured or non-coloured. The momenta











As in the case of final-state emitter and final-state spectator, the only case needed is the
splitting Qji → Qj + gi and Q¯ji → Q¯j + gi. Whether the spectator is a gluon or a massless
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For the endpoint with x = 1 the definition for µQ simplifies to
µ2Q =
m2Q




as already stated in Eq. (4.34).
D.4 Initial-State Emitter and Final-State Spectator
The kinematical situation is governed by the previous section after replacing p˜a → p˜ai and
p˜ji → p˜j.
The needed dipole functions for the splitting a → i + a˜i contains spin correlations if the


































































These relations also hold if a quark is replaced by an anti-quark wherever this is possible.
The endpoint is given by:
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The γa are defined in Eq. (4.36). The endpoint J aj given in Eq. (4.32) is the sum of the
two endpoints in Eq. (D.19) and Eq. (D.22).
D.5 Initial-State Emitter and Initial-State Spectator
The formulae in this section are taken from Ref. [63]. The following auxiliary quantities
are defined:
Qµ = pµa + p
µ
b − pµi , (D.23)




papb − pipa − pipb
papb
. (D.25)
For the mapping of the momenta the momentum of the spectator b is fixed but all other
momenta pl change:









2pl · (Q+ Q˜)
(Q+ Q˜)2




The momenta fulfill the on-shell conditions p˜2a = p
2







The needed dipole functions for the splitting a → i + a˜i contain spin correlations if the





































































These relations also hold if a quark is replaced by an anti-quark wherever this is possible.
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